Mathematica 11.3 Integration Test Results

on the problems in the test-suite directory "5 Inverse trig functions\5.6
Inverse cosecant”

Test results for the 178 problems in "5.6.1 u (a+b arccsc(c x))*n.m

Problem 25: Result more than twice size of optimal antiderivative.

JXZ (a+bArcCsccx])?dx

Optimal (type 4, 220 leaves, 11 steps):

b /1- -2 x2(a+bArcCsc[cx])?
b?x (a+bArcCsccx]) cx ( [ex]) 1

+ + = x3 (a+bAr‘cCsc[cx})3+
c? 2c¢ 3
. b3 ArcTanh| [1- -1 .
b (a+bArcCsclcx] >2Ar‘cTanh[eﬂA"CCS°[cx]] [ % ] ib? (a+bArcCsclcx]) Polylog[2, —e®Arccselex] |
+ - +

3 3 3

c
ib? (a+bArcCsclcx]) Polylog[2, ethrccsclex) | p3 polylog|3, —elArccsclex) | p3 polylog|3, elArccsclex] |
c : c3 ) c3

C C

Result (type 4, 580 leaves):
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-1+c? x?
24 g2 | Zl:c?x? a’blog|x |1+ | =%
- a‘bx 2 2 g[ 2 x2 ]
a’ X e X

+ +a?bx®ArcCsclcx] + +
3 2¢ 2¢3
1 , 3 ArcCsc[c x] Log|1 - et Arctsclex]
——ab? |-81iPolylog[2, ~e'Arecsclexl] 1 2 c3x® |2+ 4 ArcCsc[cx]? -2 Cos[2ArcCsccX]] - [ )
8c3 cx
3ArcCsclcx] Log[1+elArccsclex] ] 44 Polylog|2, e!Arccsciex] ]
+ +2ArcCsc[cx] Sin[2ArcCsc[cx]] +
cx 3 x3
ArcCsc[cx] Log[1 - e*Aresclex) | sin[3 ArcCsccx]] - ArcCsccx] Log[1 + etAreeselexl ] sin3 ArcCsccx] ] ] +
\ 1 s 1 , 1 2
S b® |24 ArcCsc[cX] Cot| = ArcCsc[cx] | +4ArcCsccx]?Cot| = ArcCsc[cx] | + 6 ArcCsccx]?Csc| ~ ArcCsclcx] | +
48 c 2 2 2

ArcCsc[cx]3Csc| % ArcCsc[c X] }4

- 24 ArcCsc[cx]? Log[1 - etAreeselexl] 4 24 ArcCsc[c x]? Log|[1 + et Areeselex] ]
cx

1 } ‘
48 Log[Tan| = ArcCsc[cx] | | - 48 i ArcCsc[c x] Polylog[2, —e*Aresclex]| 4 48 j ArcCsc[c x] Polylog |2, etArccsclex]]
2

. , 1 2
48 Polylog|[3, -elArecsclexl] _ 48 polylog|3, e'Aresclcx]| — 6 ArcCsc[c x]? Sec| ~ ArcCsc[cx] | +
2

3.3 3cinl L 4 1 3 1
16 ¢ x® ArcCsc[c x]? Sin[ =~ ArcCsc[c x] | +24 ArcCsc[cx] Tan| ~ ArcCsc[cx] | + 4 ArcCsc[cx]? Tan| = ArcCsc[cx] |
2 2

Problem 51: Unable to integrate problem.

sz Vd+ex (a+bArcCsc[cx]) dx

Optimal (type 4, 496 leaves, 31 steps):

+
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4bd~d+ex c2x?) 4b(d+ex)¥? (1-c2x?) 2d?(d+ex)*? (a+bArcCsc[cx]) 4d(d+ex)”? (a+bArcCsclcx])
_ N _

3¢e3 5e3

+

105c3e 35c3e

2 2 Z

1) 4b (5c2d?-9e?) /d+ex A1 - c2x? EllipticE[Ar‘cSin[%} 2]

2 (d+ex)”’? (a+bArcCsccx ? cdie
. _
7 ¢e3
105 C4e2 1- 1 X c (d+ex)
c? x? cd+e

4bd (9c?d?-e?) cldrex) f1_c2x2 ElllpthF[APCSln[@], -2e-1 32bd* d*ex V1-c2x? EllipticPi[2, Ar‘cSm[@}, 2e]

cd+e V2 cd+e V2 cd+e

105 c* e? x/d+ex 105ce® [1- - x/d+ex

ce X

Result (type 9, 870 leaves):
ad®+/d+ex Beta[- %, 3, 3] 1

d

c
e3 14+ &%
d
4(-5c2d?+9e?) [1- 1 2c2x2 (2e 1—c21X2 +cdArcCsc[cx]
b 1 d X 16 3 d®*ArcCsccx] 2 3 ArcCsc [ X]
-—————cle+—| x |- - - —c3x*ArcCsc[cx] - -
Jd+ex X 105 e? 105 e3 7 35e
8cx|cde [1- 212 - c?d?ArcCscc x]
e X
105 e?
2(9c3d*e-cde?) cdicex \fq _¢2y2 E111pt1cF[Arc51n[@], 28]
1 cd+e V2 cd+e

d
————2 |e+— cx +
105e®+/d+ex X \/1 1 \/ d
-5 e+
c22

a (C X)3/2
X X
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2 (8c*d*+5c2d2e? -9et) [ <h€eX /1 c2x? EllipticPi|2, Ar‘cSin[%] —2e-]

cd+e ’ cdve 1
+

\/1— L \/e+d (cx)3/2 cd\/l— L \/e+d Vex (-2+c2x?)
c° X X c° X X

2 (-5c%d*e+9cde®) Cos[2ArcCsclcx]] |(cd+cex) (-1+c*x?) +c*dx Cd;ﬂ \/1-c*x* EllipticF[ArcSin|
cd+e

\/1—cx], 2e ]_ 1 cx(1+cx) e-cex cd+cex (cd+e)EllipticE[Ar‘cSin[ cd+cex],cd—e]
V2 cd+e \/j \ cd+e cd-e cd-e cd+e
-cd+e

e E1lipticF [ArcSin| Cdgcex]: COCy] L cex | STUCEX 1o ELipticei[2, arcsin| V1K), 2E
cd-e

cd+e cd+e V2 cd+e

Problem 52: Result unnecessarily involves imaginary or complex numbers.

Jxx/d+ex (a+bArcCsclcx]) dx

Optimal (type 4, 404 leaves, 24 steps):
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4bd+ex (1-c2x?) 2d(d+ex)*? (a+bArcCsc[cx])

- - +
3 e?

3 1
156 [1- 5 x

B
cd+e
- +

2 (d+ex)5/2 (a+bArcCsc[cx]) 8bd+/d+ex V1-c2x? EllipticE Ar‘c&n[%} Z—E}

5 e?
15c2e 1- c (drex)
czx2 cd+e

4b (3 c? d27e2> C<1d+eee>< N ElllptlcF[APCSln[%], czdﬁ} 8bd3 d+ex [1_c2x2 E111pt1cP1[2 APCSIH[%}, czdﬁ}

15c*e

xd+ex 15ce? [1- 2 x+/d+ex

Result (type 4, 368 leaves):
xVd+ex

avd+ex(72¥+dex+3éxﬂ

e?

+

2b~/d+ex (-2d?+dex+3e?x?) ArcCsc[cx]

e (1+cx) e-cex

-141b

2

e -cd+e cd+e

2cc1<Cde)ElliPtiCE[jArCSinh[\/(:'v?1+e’(}: CdAFe] +(C2d2ZC(jereZ)EllipticF[jArcSinh[\/cvﬁ1+e><],
cd+e cd-e cd+e
Cd+e]+2c2d2EllipticPi[1+i,iApcsinh[Fﬂ/dJrex],Cd+e}J / Ge? |-
cd-e cd cd+e cd-e

Problem 53: Result more than twice size of optimal antiderivative.

JVd+ex(a+bAmCx[cﬂ)dx

Optimal (type 4, 315leaves, 15steps):
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4b-/d+ex V1-c?x? EllipticE Ar‘cﬁh[%] 2e-]

2(d+ex)3/2 (a+bArcCsccx]) ? Cdie
d+e x
\/ cd+e

3e
3¢?

4bd c (drex) A1l -c¢ 2 y2 ElllpthF[Ar‘C51n[%]J 27e] 4bd2 d+9X / _c 22 ElllpthPl[z Ar\csln[g] 279}

b)
cd+e cd+e cd+e

xd+ex 3ce [1-—1 x+/d+ex

Result (type 4, 701 leaves):
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4 d [ex] 2
d 3/2 (cd+cex) _;H_zc Arseselex 2 o xArcCsc[cx]
2afdrex)”’ 10 )
3e c? Jdiex

2cde | S9:€eX 172y EllipticF[Arcsin[Yiex], 2]
cd+e 2 cd+e

1
2 (cd+cex) +
3e [e+® Vex Vdrex Jl_czlz \/e+% (cx)32
X

2 (c2d2-e?) | SE€eX /172y EllipticPi[2, ArcSin|YiEx], 2e ]
cd+e A2 cd+e
. d 3/2
\/1 - \/e+x (cx)

(cd+cex) (-1+c?x?) +c?dx CdJricexxllfczxz EllipticF [ArcSin| 17CX], 2e | - ! cx (1+cx)
cd+e V2 cd+e

+|2eCos[2ArcCsc[cx]]

e (l+cx

-cd+e

e-cex cd+rcex cd+cex cd-e cd+cex cd-e
/ (cd+e) EllipticE[ArcSin| B | - e EllipticF[ArcSin| ]s 1+
cd+e cd-e cd-e cd+e cd-e cd+e

cex | Sdreex \/1-c*x* EllipticPi[2, ArcSin]| 1_CX} 2¢ ] / P e+ Vex (-2+c*x?)

3
cd+e N cd+e c? x? X

Problem 56: Result unnecessarily involves imaginary or complex numbers.

J(d+ex)3/2 (a+bArcCsccx]) dx

Optimal (type 4, 372leaves, 22 steps):
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4be~/d+ex (1-c2x?) 2 (d+ex)®? (a+bArcCsc[cx]) 28bd+d+ex V1-c?x? EllipticE[ArcSin| FX s czd—fe]

— + — —

5e
15¢ [1- 2 «x 15c2\/ JM
[ cd+e
4b (2c?d?+e?) cldex) /9 _c2y2 ElllpthF[Ar‘CSln[@], 2] 4pd? d*ex V1-c?x? EllipticPi[2, Ar‘cSm[E}, -2&]
cd+e 2 cd+e V2 cd+e
15 ¢4 x+d+ex x+/d+ex

Result (type 4, 333 leaves):
4be [1--= x+/d+ex

a(d+ex)®? 6b (d+ex)”?ArcCsc[cx]
+ + -
15 c e e

e-cex cd+e

-7cd (cd-e) EllipticE[i ArcSinh] Vd+ex | ’ ]+

cd+e cd+e cd-e
) cd+e
(9c?d*-7cde+e?) EllipticF[i ArcSinh| Vd+ex | | -
cd+e cd-e

e C cd+e
3¢?d?EllipticPi[1+ —, i ArcSinh| |- Vdrex ], ——] /c3e -
cd cd+e cd-e

Problem 57: Unable to integrate problem.

Jx3 (a+bArcCsclcx]) 4
X

Vd+ex
Optimal (type 4, 714 leaves, 27 steps):
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4bd+ex (1-c2x?) 4bdd+ex (1-c2x?) 2d*Vd+ex (a+bArcCsclcx]) 2d?(d+ex)>? (a+bArcCsclcx])
_ N _ . N " _
35c3e [1- - 21c3e? [1- 1 x
c° X ce X
Vicex ] _2e
6d (d+ex)”? (a+bArcCsc[cx]) 2 (d+ex)”? (a+bArcCsclcx]) 24bd>+d+ex V1-c>x® EllipticE[ArcSin| rcx s Cdfe]
+ - +
5e* 7 e*
35 2 93\/1— c (d+ex)
c? x? cd+e

ze ] 64 b d? d*ex mElllptlcF[Ar‘cSm[@], —2e]

4b (2c?d?-9e?) Vd+ex V1-c2x? EllipticE[Ar‘cSin[%}, = Ne cdie
. _
105c4e3\/ \/J:d*—e:)— 35c%e [1- - xVd+ex

32bd (cd-e) (cd+e) Cdgeex WElllptlcF[Ar‘cSm[l:lr“ ] czd—eJ

x\Vd+ex

105 c* e3

64bd* | ldeX /1 c2x2 EllipticPi|2, Ar‘cSm{@], —2e-]

2 cd+e
35ce* x+/d+ex
Result (type 9, 873 leaves):
4 ex ex 1
ad* [1+ ; Beta|- 5 4, 2}
+
e*/d+ex
4(16c2d?+9e?) [1- -2 4c2x? e [1-—-~= -3cdArcCsc[cx]
1 1 d c*x? 32 c3d®ArcCsc[cx] 2c3x3ArcCsccx] X
—b|-———c (e+f X |- + - - +
ct Vd+ex X 105 e3 35 e* 7e 35 e?
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4cx |5cde |1- -1 -12c?d?ArcCsccX]
X
N
105 e3
2 (40c3d>e+8cde?) Cd*dﬂ \1-c?x? EllipticF[Ar‘cSin[%], Zdie]
1 d cd+e 2 cd+e
2 |e+— VX +

105 e*~/d + e x X Jl 1\/ g
X

c? x?

2 (48c*d+16c2d2e2+9et) [ SHCEX /1252 EllipticPi|2, ArcSin[%] 2e ]
2

cd+e > cdse 1

Jl 1 \/e+9 (cx)3/2 cd\/l L \/e+9 Vex (-2+c2x?)
c° X X c° X X

2 (-16c*d®e-9cde®) Cos[2ArcCsc[cx]] |(cd+cex) (-1+c*x?) +c?dx Cd;ﬂ \/1-c*x* EllipticF[ArcSin|
cd+e

\/17cx]J 2e ]7 1 cx(1+cx) e-cex cd+cex (cd+e)E11ipticE[Ar‘cSin[ cd+cex],cd7e]
V2 cd+e \/j N\ cd+e cd-e cd-e cd+e
-cd+e

cd+ce cd-e cd+ce Vv1-c 2e
e E1lipticF[ArcSin| tCeX, || +cex cereeX Ji—ex EllipticPi[2, ArcSin| X ] ]
cd-e cd+e cd+e A2 cd+e

Problem 58: Unable to integrate problem.

sz (a+bArcCsclcx]) ;
X

Vd+ex
Optimal (type 4, 530 leaves, 20 steps):
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4bd+ex (1-c2x?) 2d*+/d+ex (a+bArcCsccx]) 4d(d+ex)>? (a+bArcCsc[cx]) 2 (d+ex)”? (a+bArcCsclcx])
_ N _

+ +
e3 3¢e3 5e3

15c3e [1- 1 x

c (diex) Vi-cx 2e
4bdd+ex V1-c2x2 E111pt1cE Ar‘cSm[E] 2—"‘} 32bd? 4 1-c2x? E111pt1cF[Ar‘c51n[ rzcx ]: < ]

2 ’ cdie cd+e
- +
5c2e2J - =5 —(dd*i)— 15 c2 e? x+/d+ex
CX ca+e

4b (Cd*e) (Cd+e) | € d(;reex \V1-c?x? ElllpthF [APCSIH[%], czdiie} 32bd3 C (d+ex) [1-c2x2 ElllpthPl[Z Arcsln[g]" Czdi‘je]

15 c* e?

xd+ex 15ce® [1- -~ x+/d+ex

ce X

Result (type 9, 784 leaves):
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_ 2c2x?ArcCsclex]

4cx

1—% -2cdArcCsc[cx]
cex

-1
d) X ¥ 16c*d? ArcCsclcx]

15e3?

S5e 15 e?

cd+e

1 d
2 |e+— vcx

\Vd+ex

2(7ctdrere?) | ctex Ty EllipticF[ArcSin[%}, owd

cd+e

c? x?

15e3+/d+ex X Jl X

cd+

\/e+
X

2 (8cd>+3cde?) | <HeeX /1 c2x2 EllipticPi]2, ArcSin[%}
e 2

(=9

(C X)3/2

2
T .

\/1 212 JeJrQ (c x)3/?
X X

cd+cex
6cdeCos[2ArcCsc[cx]] |(cd+cex) (-1+c®x?) +c?dx cErtEX Jiex EllipticF [ArcSin|

cd+e

Jl 212 Je+§ v € x (—2+c2x2)
c° X

1 e-cex cd+cex L. . cd+cex cd-e
———cx (1+cx) | / (cd+e) EllipticE[ArcSin| ]s ] -
cd+e cd-e cd-e cd+e

cX
e (l+cx)
-cd+e

cd+cex cd-e
] +cex

eEllipticF[ArcSin[ s
cd-e cd+e

cd+cex

cd+e

1-c?x? EllipticPi|[2, ArcSin|

Vl—cx}
V2

3
cd+e

v1—cx] 2e
V2 “cdse
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Problem 59: Result unnecessarily involves imaginary or complex numbers.

Jx (a+bArcCsclcx]) .
X

\Vd+ex
Optimal (type 4, 344 leaves, 14 steps):

2d+/d+ex (a+bArcCsc[cx]) 2 (d+ex)3/2 (a+bArcCsclcx]) 4b+drex V1-c?x® E1LipticE[ArcSin| FX s czdi’fe]

+ - +

e? 3e?
3 C2 1- c (d+ex)
c2 x? cd+e

8bd | 4eXh /1 _2x? EllipticF[ArcSin[ Y|, 2] gbd? | <ldX /1 _c2x? EllipticPi[2, Ar‘cSm{@] , 2]
cd+e r cd+e 2 cd+e

xVd+ex 3ce? x\d+ex

3c?e

Result (type 4, 289 leaves):

1
——2|a(-2d+ex)Vd+ex +b (-2d+ex) /d+ex ArcCsc[cx] +

1
3 e? 2 c 1
¢ \/_cd+e 1_c2x2 X
e(l+cx e-ce C cd+e
p | & 1ex] * | (cd-e) EllipticE[i ArcSinh[ |- Vdrex |, — 2]
-cd+e cd+e cd+e cd-e

(cd+e) Elliptick [iArcsinh[ |- —— vdsex ], S92 %] -2 cdEllipticPi[1+ =, i Arcsinh[ |- —— vdrex], So°°]
cd+e cd-e cd cd+e cd-e

Problem 63: Unable to integrate problem.

ng (a+bArcCsclcx]) 4
X

(d+ex)3/2

Optimal (type 4, 551 leaves, 23 steps):
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4b\/d+ex (1-c*x?) 2d® (a+bArcCsc[cx])

+ +

) e*+/d+ex

15c3e? [1-

6d>~/d+ex (a+bArcCsc[cx]) 2d(d+ex)?? (a+bArcCsc(cx]) 2 (d+ex)>? (a+bArcCsc[cx])

+ +
et et 5 e

d+ V1 2
32bd~/drex V1-c2x? E111pt1cE[Arc51n[%}, 2e ] 8bd? 5 V1-¢ix EllipticF[Arcsin[ 2], 2R

15¢c2e3 [1- ¢ (drex) c2ed [1- 1 x+/drex
c2 x? cd+e c2x?

4 b <2 C2 d2+e2> Cd(;reex AV1-c¢ X2 ElllpthF [APCSln[%], czdﬁ} 64bd3 d+eX / _c X2 ElllptlcPl[Z Ar‘cSln[%], Czdiee]

xVd+ex 5ce? xVd+ex

15 c* e3

Result (type 9, 814 leaves):
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4 ex)3/2 ex 1

ad (1+d) Beta[- <X, 4, - 1] 4 1 2( a

+—b|-———c?|e+—| x
et <d+ex)3/2 ct (d+ex)3/2 X

32cd [1- -2 2cx|2e [1-—~ -9cdArcCsc[cx]
e 32 c2d?ArcCsc[cx] 2c?d?*ArcCsc[cx] 2c?x%ArcCsclcX] o
_ + _ _ _
15 e3 5e* o3 (e+ 9) 5 2 15 e3

X

2 (32c2d2e +e3) cdicex mEllipticF[ArcSin[%} 2e]

d)3/2 cd+e ’ cd+e
e+—) (cx)3/2 +

X
1- e+ (cx)3?
c2 x? X

2 (48c3d®+8cde?) | SECEX /T c2x7 EllipticPi|2, ArcSin[%] 2e ]

3
cd+e cd+e

\/1— L \/e+d (cx)3/2
c° X X

1

2

15 e4 (d+ex>3’/2

- |16 cdeCos[2ArcCsc[cXx]]

(cd+cex) (-1+c?x?) +c?dx CdJrﬂxll—czxz EllipticF [ArcSin| 1-cx s 2e 1. ! cx (1+cx)
cd+e V2 cd+e
e (1+cx)
-cd+e

e-cex cd+cex cd+cex cd-e cd+cex cd-e
f (cd+e) EllipticE [ArcSin| B | - eEllipticF[ArcSin| ] RE
cd+e cd-e cd-e cd+e cd-e cd+e

cex |Sdrcex \/1-c?x? EllipticPi|[2, ArcSin| 1—cx} 2e ] / T er 3 vex (-2+c*x?)

B
cd+e 2 cd+e c? x? X
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Problem 64: Unable to integrate problem.

sz (a+bArcCsclcx]) 4
X

(d+ex)3/2

Optimal (type 4, 369 leaves, 16 steps):
2d? (a+bArcCsc(cx]) 4d+d+ex (a+bArcCsc[cx])

+

e3+/d+ex e’
Viex ] 2e
2 (d+ex)*2 (a+bArcCsccx] 4b+/d+ex V1-c?x? EllipticE[ArcSin| rcx ], 2%

- +
3e3
3 C2 ez c (d+ex
cd+e

c (d+ex) 2 A1-cx 2e 2 c (d+ex) 2 V1l-cx 2e
20bd | <ldex) e V1-c?x ElllpthF[APCSln[ s }, Tﬁ} 32bd?2 [ cldex) Caee V1-c?x E111pt1cP1[2 Ar‘CSln[ Nea ], 7cd+e]

+

3c¢2e? [1- - x+/d+ex 3ce? [1- - x+/d+ex

ce X ce X

Result (type 9, 750 leaves):
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.
2 22
c2 (e . Q) 2 |- ;x N 16chr'cCBsc[cx] _ 2chr‘cCs;[cx1 _ 2chrcczsc[cx1
o (1 ex)3/2 BEta[ ex 3 ] X 3e e e? (e+’) 3e
+ = RS i
d 2
B +—b |- ’
e3 (d+ex)3/2 c? (d+ex)3/2
10cde | cdcex mEllipticF{Ar‘cSin[il’cx ], 2]
1 d)3/2 cd+e V2 cdwe
2e+ = (cx)?? :
X

2 (8c2d?+e?) | cdicex 1 c2x? EllipticPi2, Ar‘cSin[@], 2]
cd+e NP3
Jl c21X2 \/e+: (cx)3/2

(cd+cex) (-1+c?x?) +c?dx CdJrjx/l—czxz EllipticF[ArcSin| 1—cx], 2e | - = cx (1+cx)
cd+e V2 cd+e

- |2eCos[2ArcCsc[cx]]

e (l+cx)
-cd+e

e-cex cd+cex cd+cex cd-e cd+cex cd-e
f (cd+e) El1lipticE [ArcSin| 1, | - eEllipticF[ArcSin| B 1+
cd+e cd-e cd-e cd+e cd-e cd+e

cex

cdrcex mEllipticpi[z,ArcSin[m}, 28 ] / 1 e Vox (24 cin)

cd+e 2 cd+e c?x? e

Problem 65: Result unnecessarily involves imaginary or complex numbers.

Jx (a+bArcCsclcx]) .
X

(d+ex)?
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Optimal (type 4, 238 leaves, 11 steps):
2d (a+bArcCsc[cx]) 2+/d+ex (a+bArcCsclcx])
+

e2+/d+ex e?

4p | et 72y ElllpthF[APCSln[%], Z—e} 8bd | <ldex f1 22 E111pt1cP1[2 Ar‘cSm[ﬂ} 2—8}

cd+e cd+e cd+e A2 ’ cde

x\d+ex xVd+ex

Result (type 4, 226 leaves):

12 a(2d+ex) b(2d+ex)Ar‘cCsc[cx} 1 5ib e<1+cx) e-cex

il + - 21

ez AVd+ex AVd+ex \/ \/ -cd+e cd+e
cd+e

cx2

[ElllpthF i APCSlnh | - \Vd+ex
cd+e

Problem 69: Unable to integrate problem.

cd+e
} - 2E1lipticPi[1+ —, i Arcsinh | Vd+ex ]
cdee cd-e

Jx3 (a+bArcCsclcx]) ;
X

(d+ex)5/2

Optimal (type 4, 602 leaves, 31 steps):
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4bd? (1-c?x?) 2d3 (a+bArcCsclcx])

34 (d+ex>3/2

3ce2 c2d? - e2 - x\d+ex

6d? (a+bArcCsc[cx]) 6dvd+ex (a+bArcCsc[cx]) 2(d+ex)3/2 (a+bArcCsclcx])
- +

+

4 4
e*+d+ex e 3e

8bd>+/d+ex V1-c2x? ElllpthE[Ar‘cSm[@], 27&] 4b (2c2d2 ez) Vdrex V1-c2x? E111pt1cE Ar‘cSm[@], 276]
cd+e 2 cd+e
- +
3e3(2d2 ez)\/l - c (d+ex) 32 e3(2d2 e2>\/1 c (d+ex)
c?x cd+e c xZ cd+e
32bd [ Sdexl (/1 _c2x2 ElllpthF[AMSlh[ﬂ}, 2e-] eabd? | SldeXl /3 2x? EllipticPi|2, Ar‘cSm{@], —2e-]
NP cd+e 2 cd+e
.

x\d+ex 3ce? x\d+ex

3¢c2ed

Result (type 9, 887 leaves):
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4 ex)>/2 ex 3
ad* (1+ ] Beta[- <, 4, - 2]

N
et (d+ex)5/2

4 [1--2
1 b 1 3 d)3 3 ¢ 32cdArcCsc[cx] 2cdArcCsc[cx] 2cxArcCsclcx]
—b|-—————cc|e+—| xX° |- + - - -
c4 (d+ex)5/2 X 3e(—c2d2+e2) 3e4 3 @2 (e+9)2 3e3
X

2 [—Zczdze ll—czlz -7c3d3ArcCsc[cx] +7 cde?ArcCsc[c X]
X

3e3 (-c2d?+e?) (e+ %)

2 (8c*d*e-8cde?) cdicex mEllipticF[ArcSin[Clv’zix ] 279‘}

cd+e ’ cde

Jl— L \/e+i (cx)32
c° X X

2 (16c4d* - 16 c2d2e2 —e?) [ S9:eX /1 c2x7 EllipticPi[2, ArcSin[¥Iex], 2e ]

1
3 (cd-e)e* (cd+e) (d+ex)5/2

cd+e 2 ’ cdse
+ |2e3>Cos[2ArcCscc x]]
1 d
\/1_c2x2 \/e+; (cx)3/2
cd+cex Vv1-cx 2e 1
(cd+cex) (-1+c2x?) +c?dx | ————— +/1-c*x* EllipticF[ArcSin| s - cx (1+cx)
cd+e A2 cd+e
e (1+cx)
-cd+e
e-cex cd+cex L. . cd+cex cd-e L. . cd+cex cd-e
(cd+e) EllipticE[ArcSin| s | - eEllipticF[ArcSin| s
cd+e cd-e cd-e cd+e cd-e cd+e

cex

cdreex [17cx Ellipticpi|2, Arcs:‘m[m}, 28 ] / L Vex (-2+etx)
cd+e cd+e
d V2 d
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Problem 70: Unable to integrate problem.

sz (a+bArcCsclcx]) ;
X

(d+ex)®?

Optimal (type 4, 440 leaves, 25 steps):
4bd (1-c?x?) 2d2 (a+bArcCsclcx]) 4d(a+bArcCsc[cx])

.
3e3 (d+ex)3/2 e3\/d+ex

+

3ce (c2d?-e?) - x+d+ex
2,2 Vi1-cx 2e
2+/drex (a+bArcCscicx]) 4bd+/d+ex \1-c?x? EllipticE[ArcSin| o ], 2]

3
e
3e2 (czdz—ez) ¢ (drex)
cd+e

4b c (d+ex) AV1-c¢ X2 ElllpthF [AI“CSIT’][A%]J 279} 32bd d+eX / _c X2 ElllptlcPl[Z APCSIH[%] 279]

cd+e cd+e ’ cde

c2e? [1- - x+/d+ex 3ce® [1- - x/d+ex

2 x? c? x?

Result (type 9, 856 leaves):
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ad® (1+2%) " Betal- 2%, 3, 2] i 1
_ f—bl-
e’ (d+ex)*? c? (d+ex)®?
di3 4cd ’Czlxz L6 ARCCsC [cx] 2 AnCCse 1€ x) 4 |-cde 1_c21x2 -2c2d?ArcCsccx] +2e2ArcCsc[c x]
o e+—) . ) rcCsccx]  2ArcCsclcx] )
X 3e2(—c2d2+e2) 3e3 3e(e+%)2 3 e? (_c2d2+ez> (e+%)
. s 2 (3c2d?e-3¢%) |t V1o 2 Elliptick [Arcsin[2E0], Ze ]
2( _ (CX)S/Z +
3(cd-e)e®(cd+e) (drex)®? X

\/1— L Je+g (cx)3/2
ce X X

2 (8c3d*-9cde?) | e T c2x7 EllipticPi[2, Arcsin[YiEX], 2& ]
cd+e V2 cd+e
+2cdeCos[2ArcCsc[cXx]]

1 d
\/1_c2x2 Je+X (cx)3/2
(cd+cex) (-1+c?x?) +c?dx CdJrﬂxll—czxz EllipticF [ArcSin| 17CX], je | - ! cx (1+cx)
2 cd+e

cd+e

e (1+cx)

-cd+e

cd-e cd+cex cd-e

e-cex cd+cex cd+cex
f (cd+e) EllipticE [ArcSin| B | - eEllipticF[ArcSin| ] ]
cd+e cd-e cd-e cd+e cd-e cd+e

cey |Cdrcex [T EllipticPi[2, ArcSin| 1_CX}, 2e | / 1- 21 er 3 vex (-2+c2x?)
X

cdre 2 cd+e c? x?
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Problem 71: Result unnecessarily involves imaginary or complex numbers.

dx

Jx (a+bArcCsclcx])

(d+ex)®?

Optimal (type 4, 314 leaves, 19 steps):

4b (1-c2x?) 2d (a+bArcCsc[cx]) 2 (a+bArcCsc[cx])
- + - +
3e? (d+ex)?? e2~/d+ex

c(czdz—e2> 1- 21 x+d+ex

c? x?

4b/d+ex V1-c2x? E111pt1cE[Ar‘c51n[@} z—e} 8b | <idexl \f1_c2x2 E111pt1cP1[2 APCSln[ iﬁcx ], Z—e]

Jz ° Cdie cd+e cd+e
3e (c2d?-e?) \/1—“(2 cldeex 3ce? xVd+ex
Result (type 4, 345leaves):
4bc [1- - x
cx 2a(2d+3ex) 2b(2d+3ex) ArcCsclcx] 1
- - +
3(c2d2-e?)/drex 3e?(drex)’? 3e? (d+ex)??

3c2de? [1- -2

c? x?

1+cx e-cex cd+e

cdEllipticE[i ArcSinh| Vd+ex | : ] -

cd+e -cd+e cd+e cd+e cd-e
L. ) X C cd+e cd+e
cdEllipticF[i ArcSinh[ |- Vdrex |, | +2 (cd+e) EllipticPi|1+ —, i ArcSinh| Vd+ex | ]
cd+e cd-e cd cd+e cd-e

Problem 72: Result more than twice size of optimal antiderivative.

a+bArcCsc[cx]
j dx

(d+ex)5/2

Optimal (type 4, 298 leaves, 12 steps):
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4be (1-c?x?) 2(a+bAr‘cCsc[cx])

3e(d+ex)??
3cd c?d? - e2 [1- xd+ex ( )

4b~/d+ex V1-c2x? ElllptlcE[Ar‘cSm[@} 2] 4b | SLEeXl W1 c2x? EllipticPi[2, ArcSin[ X, -2&]

NS ? cdse cd+e V2 cd+e
3d (c2d?-e?) [1- cldrex) 3cde [1--1 x+/d+ex
cx2 cd+e c? x?

Result (type 4, 725leaves):
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4 1.1 4|-cde 1—% +c2d? ArcCsc[c x] -e2 ArcCsc[c X]
d)3X3 2% 2ArcCsclcx] | 2eArcCsclex] _ o

_3cd(c2d2—e2) 3c2d’e 3242 (eg’,)z 3c2d? (c2d2-e?) (e+d—)

1 ) ) 1

_b _ +

C (d+ex)®? 3(cd-e)e(cd+e) (drex)™?

2cd | edeex 17,2 EllipticPi|2, Arcsin[%] 2e ]
2

d\5/2 cd+e > cdse
2 |e+ — (cx)>/? - |2eCos[2ArcCsccXx]]
X
Jl L Je+d (cx)3/?
c° X X
cd+cex V1-cx 2e 1
(cd+cex) (-1+c®x?) +c?dx SRR 1% EllipticF[ArcSin| !> | - cx (1+cx)
cd+e \ 2 cd+e e (lecx
-cd+e

e-cex cd+cex cd+cex cd-e cd+cex cd-e
f (cd+e) El1lipticE [ArcSin| 1, | - eEllipticF[ArcSin| B 1]+
cd+e cd-e cd-e cd+e cd-e cd+e

cey |Cdrcex [T EllipticPi[2, ArcSin| 1_CX}, 2¢ ] /cd P er 3 vex (-2+c2x?)

cd+e 2 cd+e c? x? X

Problem 98: Result more than twice size of optimal antiderivative.

sz (a+bArcCsclcx]) ;
X

d+ex?

Optimal (type 4, 565 leaves, 25 steps):
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bArcTanh| [1- -2~ ] +/-d (a+bArcCsc[cx]) Log[1- *—4-=

2 2
ox e i/ c*d+e

+ - +
€ ce 2 @3/2

-d a+bA|"CCSC[C X] Log 1+ icy/-d etAretsclex] -d a+bAr‘CCSC[CX] LOg 1- ic~/_d elArctscicx]

Ve | ) og[t+ FT ] od ) roel - e
2e3/2 2 3/2

V-d (a+bArcCsclcx]) Log[1+ te/-d e eeees ib~/—d Polylog[2, - te/-d e reeeien

( ) [ Ve /ctdie } : Ve /ctdie

2632 5 @3/2

]’l b (7d POlyLOg 2 ic _d e:ArcCsC[cx] 1,1 b ,77(1 Po]_yLog 2’ B ic _d eﬁArcCsc[cx: ]'l b ﬁfd Po]_yLog 2 ic _d ew‘wAr‘cCsc[cx]

[ ’ \E*\j 2d+e } [ Ve +/c?dre ] [ ’ Ve ) c2d+e }

293/2 2e3/2 2e3/2

i ArcCsclcx] ]

X (a+bArcCsc[cx])

Result (type 4, 1260 leaves):

1

4ced/?

i|-4iacve x-41bcye xArcCsc[cx] +

1_ ive )
~ic+d ++e | Cot[L (m+2ArcCscicx

4Jiacx/?Ar‘cTan{\/?X]+8j1bcx/FAr‘cSin[“/?}ArcTan{( ) {4( : ]H}—

NED V2 Je2die

1+b£ . 1

N (1cx/?+\/?) Cot[% (m+2ArcCsc[cx]) ] (\/? Ve 2d+e) -iArcCsc(cx]
Sibcx/?Ar‘cSin[i]ArcTan[ 4 ]+bC\/?7TLog[1+ ] -
2 VvcZd+e cvd
ive
(Ve - Vcdve | etarcescien e (Ve - VTdre ) eiancesciex
2bc+/d ArcCsccx] Log[1+ | +4bc+/d ArcSin[ ————] Log|[1+ ] -
cVd V2 cVd

(_\/? m) -1 ArcCsc[c x] (_\/? m) -1 ArcCsc[c x]

bc+/d rLlog[1+ | +2bc/d ArcCsclcx] Log[1 +

} -

cVd cVd
1+ C—“% (Ve s cTdre ) e tarccseien (Ve wr/ed e | eiamecseiex
4bcﬁAr‘cSin[—} Log[1+ ]—bcx/?erog[l— }+

V2 cd cd



5.6 Inverse cosecant.nb | 27

1+—\Cjl £

\/? m ~i ArcCsc[c x] TS \/? m ~i ArcCsc[c x]
2bc+/d ArcCsccx] Log|1 - ( ) ]+4bC\/?Ar'cSin[—Cd] Log[l—( ) ]+
cVd N2 cVd

(\/F m) @-1iArcCsccx] (\/? m) e-iArcCsclcx]

bc+/d rLlog[1+

] —2bcx/?Ar‘cCsc[cx] Log[lJr

} ,

cvVd cVd
ive
B cvd \E ~/ 2d+e -1 ArcCsc[c x]
4bcﬁArcSin[7d}Log[1+( ) }+bcv_nLog[\/—-lr}
V2 c/d X
id 1 o1
bc+/d rmLog[ve + | -4ib+/e Log[Cos|[=ArcCsccx] ]| +4ib~/e Log[Sin[=ArcCsclcx]]] +
X 2 2

(\/? q/ 2d+e) -1 ArcCsclcx] (_\/?_'_4/ 2d+e) e-iArcCsclcx]
}—2jbcx/?PolyLog[2,
cvd cVd

2ibc/d PolyLog[Z,

] _

(\/? m) -1 ArcCsc[c x] (\/? m) -1 ArcCsc[c x]
] +2j1bcx/d_PolyLog[2,

21 bC\/?PolyLog[Z, -
cVd cd

]

Problem 99: Result more than twice size of optimal antiderivative.

JX (a+bArcCsclcx]) 5
X

d+ex?

Optimal (type 4, 507 leaves, 26 steps):

-d (Ei ArcCsc[cx]

Ve -/ c2dre

-d eiArcCsc[c x] }

Ve -/ c2dre

-d enAr‘cCsc{ch }

Ve +/c2dre

(a+bArcCsc[cx]) Log[1- *€ (a+bArcCsc[cx]) Log[1+ ** (a+bArcCsc[cx]) Log[1- €

+ + .
2e 2e 2e
(a + b ArcCsc [C X} ) LOg [1 + icy/-d elfrecscied ib POlyLOg [2, _icy/d @i ArcCsclcx]
Ve i/ctdie (a+bArcCsc[cx]) Log[1 - e?#ArcCsclcx] | e
2e e 2e

-d enAr‘cCsc[cxj } ic -d ejAr‘cCsc[cx] } -d enAr‘cCsc[cx]

Ve /c2dre e + c2dre Ve i die ibPolylog|2, e?*ArcCscicx] |
+

2e 2e 2e 2e

ibPolylLog[2, *€ ibPolylLog|2, - ibPolylLog[2, *€

Result (type 4, 1123 leaves):



28 | 5.6 Inverse cosecant.nb

1 e
1 1_f% (—]'].C\/?-%—\/?) Cot[%(JHZAr'cCsc[cx]H
— |ibs®-4ibrArcCsc[cx] +81ibArcCsc[cx]?-161ibArcSin| ————] ArcTan]| ] -
ge V2 Jc2dre
1+b£ . 1
T (1cx/?+\/?) Cot[% (7 +2ArcCsc[cx]) ] (\E Ve 2d+e) -iArcCsccx]
16 i b ArcSin[ ——————] ArcTan| 4 | -2brLog[1+ |+
V2 Veid+e cVd
(\E m) -1 ArcCsc[c x] 1- ZJ\% (\E m) -1 ArcCsc[c x]
4bArcCsclcx] Log|[1+ | -8bArcsin| ————] Log[1+ | -
c/d N2 c/d

(_\/? e 2d+e) -1 ArcCsc[c x] (—\/F+‘/C2d+e)e’iAFCCSC[CX]

2brlog[l+ | +4bArcCsclcx] Log[1+ ] -
cVd cVd
1+j_\£ 2 @-1ArcCsccx 2 @-1iArcCsccx
cvd (—\/? +i/c d+e) ] (\/? +/c d+e) ]
8bArcSin[ ————] Log[1+ | -2brLog[1- |+
V2 cVd cVd
14 ive
(\/? m) -1 ArcCsc[c x] + N (\/? m) -1 ArcCsc[c x]
4bArcCsclcx] Log|1- | +8bArcsin| ————] Log[1 - ] -
cd V2 cd

(\/? 1/CZdJre) @1 ArcCsclcx] (\E ¢ 2d+e) ~1 ArcCsc[c x]
| +4bArcCsccx] Log|[1+
cV/d cVd

|+

2brlog|l+

(@ m) —i ArcCsc[c x]
cVd

8 b ArcSin| | -8bArcCsclcx] Log[1-e2tArccselex]]

1_&@
cVd
| Log[1+

2

. \/? m -1 ArcCsc[c X]
\H]JrzbﬂLog[\EJrlﬁ}+4aLog[d+ex2]+4]'1bPolyLog[2, ( )
X X cVd
(_\/? m) e-iArcCsclcx] (\/? m) @-1ArcCsccx]
| +41ibPpolyLog[2, - |+

cd cd

2berog[\E—jL ]+

4 1 bPolylog [2,
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(\/?+“/c2d+e ) @i ArcCsccx]
cd

4ibPolylog|2, ] +41ibPolylog[2, e Arecsciex]]

Problem 100: Result more than twice size of optimal antiderivative.

a+bArcCsc[cx]
J dx

d+ex?

Optimal (type 4, 529 leaves, 19 steps):

(a+bArcCsclcx]) Log[1- 20 e (5, pArcCsc[c x] ) Log[1+ 2e-d e
Ve /cere Ve Jede

2+/-d Ve 2+/-d Ve

(a+bArcCsc[cx]) Log[1- € ~d e ey ] (a+bArcCsclcx]) Log[1+ M] ibPolylog[2, -+

Ve +/c?dre Ve +/c?dre Ve -\/c2dre
2+/-d Ve 2+/-d Ve 2+/-d Ve

ibPolyLog|2, M] ibPolyLog[2, -+ elfreeerey | ibpolyLog[2, ¥4 e Al ]

Ve -/ c2d+e Ve ) c?d+e Ve ) c2d+e
2+/-d Ve 2+/-d Ve 2+/-d Ve

Result (type 4, 1068 leaves):

d et ArcCsc[cx]
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] -

1 - ive 1
1 N cvd (—icx/?+\/?) Cot[ (m+2ArcCsclcx]) |
-————1 |4iaArcTan| | +8ibArcSin| | ArcTan| 4 |-
4~d e Vd 2 Vc2d+e
1+DE . 1
T (1CW+\/?) Cot[% (rm+2ArcCsclcx])] (\E Ve 2d+e) - ArcCsc[cx]
8ibArcSin[—————| ArcTan]| 4 | +brLog[1+
N2 Vecid+e cVd
1. ive
(\E m) -1 ArcCsc[c x] - N (\E m) -1 ArcCsc[c x]
2bArcCsc[cx] Log[1 + | +4bArcSin[ ————] Log |1+ | -
c/d N2 cVd

( \/F+m) —i ArcCsc[c x] (_ﬁ m) —i ArcCsc[c x]

brlog[l+ | +2bArcCscicx] Log[1+ | -
cvd cvd
1+D£ 2 @-1ArcCsccx 2 -1 ArcCsc[cx
cvd (—\/? +i/c d+e) ] (\/?Jr\/c d+e)<e tex]
4bArcSin| ————] Log[1+ | -brLog|1- |+
V2 cVd cVd
1, e
(\/? m) -1 ArcCsc[c x] + N (\/? m) -1 ArcCsc[c x]
2bArcCsc[cx] Log[1 - | +4bArcsin[ ————] Log[1- |+
cd V2 cVd

(\/? NI 2d+e) -1 ArcCsc[c x] (\/?Jr«/chJre)e—iAr‘cCsc[cx]

brLog(1+ | -2bArcCscicx] Log|[1+ ] -
c/d cVd
ive
1-
Nes \/? m —i ArcCsc[c x] , .
4bAr‘cSin[7c] Log[1+( ) ]+b7rLog[\/?—l\/F]—b7rLog[x/?+1\/d—]+
V2 cVd X X

(\/F m) -1 ArcCsc[c X] (_\/? m) e-iArcCsclcx]
] -2 1 bPolylog [2,
cd c/d

21 bPolylLog [2,

} ,

(\/? m) -1 ArcCsc[c x] (ﬁ m) -1 ArcCsc[c x]
| +21ibPolyLog[2,
cVd cd

2ibPolylog|2, -

}
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Problem 101: Result more than twice size of optimal antiderivative.

a+bArcCsc[cx]
J dx

X (d+ex2)

Optimal (type 4, 479 leaves, 19 steps):

, (a+bArcCscicx]) Log[1- +<=¢ 1 Lo g e )
i (a+bArcCsccx]) Ve fade P

2bd 2d 2d

el ArcCsc[cx] }

(a+bArcCsc[cx]) Log|

(a+bArcCsc[cx]) Log[1- icyod et ] (a+bArcCsclcx]) Log[1+ icy/od el ] ibPolylLog|[2, - te-d e
e +\/ c2d+e e +/ c?dre e -1/ c2d+e
2d 2d 2d
j b PolyLog 2 ic {7d enAr‘cCsc{cx_ ]l b Polyl_og 2 B ic -d ejArcCsc{ch ]l b Polyl_og 2 ic {7d enAr‘cCschxJ
[ ’ Ve -/ cdre ] [ ’ Ve +/ctdre } [ ’ Ve +/ctdre }

2d 2d 2d

Result (type 4, 1089 leaves):
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1 e
1 1_fv% (—icﬁ+x/?)€ot[l(n+2Ar‘cCsc[cx})]
-— |ibm*-4ibrArcCsc[cx] +41ibArcCsc[cx]?-16ibArcSin[—————] ArcTan| 4 |-
8d V2 Vc2die
1+M£ . 1
VT (1cﬁ+\/?) Cot[% (rm+2ArcCsclcx])] (\/? e 2d+e) - ArcCsccx]
16 i b ArcSin[ —————] ArcTan| 4 | -2brLlog[1+ |+
V2 Vc2d+e c/d
ive
(\/?—\/m) @ iArcCsclcx] 1- cd (\/?—\/m) @ iArcCsccx]
4bArcCsclcx] Log|1+ | -8bArcSin| —————] Log[1+ | -
cVd V2 cVd

(_\/? m) -1 ArcCsc[c x] (_\/? m) -1 ArcCsc[c x]

2brLlog|l+ | +4bArcCscicx] Log[1+ |-
cVd cVd
1+ — 2 -i ArcCscc x 2 @-1iArcCsclcx
cvd (—\/?+\/c d+e)e tex] (\/? +i/c d+e) ]
8bArcSin[ ————] Log[1+ | -2bnLog[1- |+
N2 cd c/d
i 1+D£ :
(\/?+ m) e-iArcCsclcx] d <\/3+ m) -1 ArcCsclecx]
4bArcCsclcx] Log|1- | +8bArcSin| ————] Log[1 - ] -
cVd N2 cV/d

(\E m) -1 ArcCsc[c x] (\/? \/m) e-iArcCsclcx]

2blog|1+ | +4bArcCsclcx] Log|1+ |+
cd cd
ive
1-
Ja \/? m —i ArcCsc[c x] , .
8bAr‘cSin[7Cd} Log[1+( ) }+2bﬂLog[\/?—1\/?}+2b7rLog[\/?+lﬁ]—8aLog[x1+

N2 c/d X X
(\/? m) -1 ArcCsc[c X] (_\/? Jc2d+e ) e-iArcCsclcx]
] +41b PolyLog[Z,
cVd cd

4alog(d+ex?| +41ibPolylog|2,

} +

(\/F m) -1 ArcCsc[c x] (\/? m) -1 ArcCsc[c x]
| +41ibPolyLog|2,
cVd cVd

41ibPolylog|2, -

]
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Problem 102: Result more than twice size of optimal antiderivative.

a+bArcCsc[cx]
J dx

x2 (d+ex2>

Optimal (type 4, 572 leaves, 24 steps):

bc [1--2 Ve (a+bArcCsc[cx]) Log[1 - Le-d e /o™ (34 bArcCsc[cx]) Log[1 + fe/-d eracied
o ‘@ bArcCsclcx] ( ) [ Ve [ die ] < ) [ N }

— + —

d d x d x 2(7d)3/2 2(7d>3/2

Ve (a+bArcCsccx]) Log[1 - Le/-d e™ @01 /o (a4 bArcCsc[cx]) Log[1+ 2e/d e b /e polylog[2, - +e/-d e eae
( : ) g[ Ve +/c?dre ] ( : ) g[ : Ve +/c?d+e ] ' Y g[ Ve -1/ c?d+e ]

2 (—d>3/2 2 (—d)3/2 2 <_d>3/2

ib/e Polylog[2, *e/-de™ ™) /g polylog|2, - Lo /4] b /e polylog[2, Fedd e
[ Ve -/ c?d+e ] [ Ve i/ c2d+e } [ Ve i/ c2d+e ]

2(—d)3/2 2(—d)3/2 2(—d)3/2

Result (type 4, 1241 leaves):

1

a\/?ArcTan[%} c [1- o X + ArcCsc[c X]
-— - d +b |- +
dx d3/2 dx
ive
1 1_“/(7 —]iC\/?+\/?)CO‘t[l(7T+2AI"CCSC[CX]>]
Ve |7 -4mArcCsc[cx] +8ArcCsc[cx]?-32ArcSin[ ————] ArcTan| 4 |+
16 d*/2 V2 Vc2d+e

(Je —“/c2d+e ) e—iArcCsc[cx] (ﬁ/e —“/c2d+e ) e—]‘lAr‘cCsc[cx]

4imlog[l+ | -81iArcCsc[cx] Log[1l+ |+
cVd cd
1. ive , ,
N (\/?*\/m) @-iArcCsclcx] (@+m) e-iArcCsclcx]
16 i ArcSin[ ———|] Log|[1 + | +4irLog|l+ | -

V2 cd cd
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( m) —i ArcCsc[c x] d (\/? m) —i ArcCsc[c x]
8 i ArcCsc[cx] Log[1+ | -16 i ArcSin| —————] Log[1 + |+
cVd V2 cVd

jﬁ (_\/? m) e-iArcCsclcx]
81 ArcCsc[cx] Log[1 - e?iArccsclex]] 43 rLog[Ve + | +8PolyLog|2,

X c\/? }+

(\/? m) —i ArcCsc[c x]

8 Polylog|2, ] +4Polylog[2, e?iArccscicx]]

cVd
ive
1 1+cﬁ (icx/?+x/?)€ot[i(7r+2Ar‘cCsc[cx]H
Ve |n?-4mArcCsclcx] +8ArcCsc[cx]?-32ArcSin[ —————] ArcTan| |+
16 d3/2 V2 vec2d+e

(_\/? m) e-iArcCsclcx] (_\/? m) e-liArcCsclcx]

4imlog|l+ | -81iArcCsc[cx] Log[1+ |+
c/d cVd
14 Ve
+ VT (7\5 m) -1 ArcCsc[c x] (\E m) -1 ArcCsc[c x]
16 i ArcSin[ —————] Log|[1 + | +4imLog[1- | -
V2 cVd cVd
14 e
(\/?er) e-1ArcCsclcx] + cVd (\E m) -1 ArcCsc[c x]
8 i ArcCsccx] Log[1- | -16 i ArcSin| ————] Log[1 - |+
cVd V2 cVd
iV (\/? m) -1 ArcCsc[c X]
81 ArcCsc[cx] Log[1 - e2iArecsclexl] _ 45 rrLog[e - | +8Polylog|2, ]+
X cVd

(\E m) ~1i ArcCsc[c X]
cVd

8 Polylog|2, | +4PolyLog|2, e?*ArcCsclex]]

Problem 103: Result more than twice size of optimal antiderivative.



st (a+bArcCsclcx]) ;
X

(d+ex2>2

Optimal (type 4, 628 leaves, 31 steps):

5.6 Inverse cosecant.nb

. bdAr‘cTan[@} e/ i Arecscex)
b [1-- x Je R d(a+bAr‘cCsc[cx})Log[1—]lc —
c?x d (a+bArcCsc[cx]) x*(a+bArcCsc[cx]) Ve Jl-gg X Vo [ due
N _ _

N
2ce? 2¢e? (e+;—2) 2¢e? 2e52+/c2dre o3

d (a+bArcCsc[cx]) Log[1+ *€

-d enArcCsc[cx] }

Ve -/ c2dre

d (a+bArcCsc[cx]) Log[1- ~—4-¢

Ve +/c2dre

i ArcCsc[cx] }

d (a+bArcCsc[cx]) Log[1+ *€

Ve +/c2dre

—d et ArcCsc[c

3

e3 o3 o
, i bdPolylog|2, - L4 e ™0 b g polylog[2, Lo d e
2d (a+bArcCsc[cx]) Log[1 - e?*ArcCsclex]] Ve [tde Ve /cidre
e3 ! e3 + o3 +
i bdPolyLog|2, - L4 e ™0 b gpolylog[2, teld et |
Ve +/c?dre Ve i/ ctdre i bdPolylLog [2, @2 1 ArcCsclcx] }
e3 - e3 N e3
Result (type 4, 1604 leaves):
X 1- 212 + c XArcCsc[c X]
a x2 ad? adLog[d+ex?] *x

ar _ +b .
202 263 (d+ex2) e3 2ce?

| 35



36 | 5.6 Inverse cosecant.nb

o e el uefo faae o T*‘*‘Td [ ‘
e | e
Log| ; Log|[ ‘ o
. Arcsin| -] V-e2d-e Arcsin[ ] -c2d-e ‘\ed sivfe x
i = i cx :
Ve \-c2d-e e \ -c2d-e
i d3/2 _ ArcCscc x] ¥ i d3/2 _ ArcCsc[cx] _
-i~/d \e +ex \d i/d Ve +ex Nd
+
4 e5/2 a e5/2
1- ive )
1 cvd (—chx/d +\/e)Cot[i(n+2Ar‘cCsc[cx}H
——1id|n®-4mArcCsc[cx] +8ArcCsc[cx]?-32ArcSin| | ArcTan| |+

8el V2

Vvcid+e

(\/? m) -i ArcCsc[c x] (ﬁ m) e-1ArcCsclcx]
| -81iArcCsc[cx] Log[1l+
cVd cd

4irLlog[l+

} +

1- ?\% (\/?*m) e-1ArcCsclcx] (\/? m) e-iArcCsclcx]
16 i ArcSin | | Log |1+ | +41imLog|l+ | -

V2 cvd cd

<\/?+4/C2d+e)e—j1Ar‘cCsc[cx] 1*%\% (\/F NI 2d+e) e-iArcCsclcx]
8 1 ArcCsc[c x] Log[lJr ] —16]1Ar‘cSin[ } Log[1+

cVd N2 c/d

P (7\/? NI 2d+e) —1i ArcCsc[c x]
| +8PolyLog|2,

X c/d

8i AI"CCSC[ 211Ar'cCsc[c

x] Log[1 - ] ~airLog[Ve +

|+

(\/E NI 2d+e) -1 ArcCsclcx]
cVd

8 Polylog|2, -

} L4 PolyLog [2, eZJiAr'cCsc[c x] }
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1+Lﬂ € 1
1 ey Jicx/d_+\/F) Cot[ (m+2ArcCscicx]) |
——id |7®-4rArcCsccx] +8ArcCsccx]?-32ArcSin| —————] ArcTan| 4 |+
8 e’ N2 Vc2d+e

(_\/? m) e-1ArcCsclex] (_\/? m) -1 ArcCsc[c X]

4irLlog[l+ | -81iArcCsc[cx] Log|1+ ]+
cVd cVd
1+DE
N (7& m) -1 ArcCsc[c X] (\E m) -1 ArcCsc[c X]

16 i ArcSin[ ————| Log|[1 + | +4inLog[l- ] -

V2 cd cd

(\/?+m) @-iArcCsclcx] 1+ %% (\/? m) @-1ArcCsclcx]
8 1 ArcCsc[c x] Log[l— ] —161Arcsin[7} Log[l— ] +
cVd V2 cVd

i

P (\E m) ~1i ArcCsc[c X]
| +8PolyLog|2,
X cVd

8 i ArcCsc[cx] Log[1 - e?iArccsclex]] 44 rLog[e -

|+

(\E m) ~1i ArcCsc[c x]
cVd

8 Polylog|2, | +4Polylog|2, e?tArccsclex)]
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Problem 104: Result more than twice size of optimal antiderivative.

JXB (a+bArcCsclcx]) ;
X

(d+ex2>2

Optimal (type 4, 590 leaves, 29 steps):

b ArcTan _odae ,  ArcCec ]
[ e [ ) (a+bArcCsclcx]) Log[lfﬁw]
a+bArcCsclcx] Ve trae X Ve fctdie
- + +
2e(e+f—z) 2e3/2+/c?d+e 2e?
(a+bArcCsclcx]) Log[1+ By (a+bArcCsclex]) Log[1- “--Ee=2] (avbArcCsc[cx] ) Log 1+ icy/-d etMeteelen]
Ve -/ c?d+e e s/ c2d+e e 1/ c2dse
+ +
2e? 2 e? 2 e2
: icy/-d ebArccsciex) - icy/-d elhrecselex)
, i bPolylog|2, - | ibPolyLog|2, ]
(a+bArcCsc[cx]) Log[1 - e Arctsclex] | Ve fcde Ve fctde
e’ 2e? 2¢e2

: ic~/-d elhrecscicex] . ico/-d ethrecsciex]
i bPolylLog [2, - } i bPolylLog [2, ,
Ve /ctdre Ve /ctdie i bPolylog[2, e?iArcCscicx] ]
+

2e? 2e? 2¢e?

Result (type 4, 1442 leaves):

1 ) ) 4ad ) ZbV?Ar‘cCsc[cx] Zb\/FAr‘cCsc[cx]
— |ib°+ -4 1ibmArcCsclc X] + + +
8 e’ d+ex? Vd -i+e x Ad +ie x
ive
1 1_Cﬁ (—icx/?m/?) Cot[% (n+2ArcCsclcx])]
8ibArcCsc[cx]?-4bArcSin| —] - 16 i bArcSin| —————] ArcTan| 4 | -
cx V2 J2dre
ive
1+ T (]‘LC\H+\/?) Cot[% (m+2ArcCsccx]) ] (\/?7\/c2d+e ) @ iArcCsclcx]
16 i b ArcSin[ ————] ArcTan| 2 | -2brLog[1+

V2 Veid+e cVd

|+
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1- ive

(\/? m) ~i ArcCsc[c x] cVd (\E m) ~i ArcCsc[c x]
4bArcCsc[cx] Log[1+ | -8bArcsin[ ————] Log[1+ ] -
cVd V2 c/d

( \/?+4/ 2d+e) e-iArcCsclcx] (_\/?+4/C2d+e)e—iArcCsc[cx]

2brlog(1+ | +4bArcCsccx] Log[1+ ] -
cvd cvd
1+b£
T (7@ m) -1 ArcCsc[c x] (\/? m) ~1i ArcCsc[c X]

8bArcSin[ ————] Log[1+ | -2brlog|1- |+

N2 c/d c/d

ive
(\/? m) e-1ArcCsclcx] 1+ eVd (\/F m) -1 ArcCsc[c x]
4bArcCsclcx] Log|1- | +8bArcsin[ —————] Log[1- ] -
c/d 2 c/d

(@ 1/CZdJre) —1i ArcCsc[c x] (\/? 4/C2d+e> —1i ArcCsc[c x]

2brlog[l+ | +4bArcCsccx] Log[1+ |+
cd cd
iy
17c\/; (\/?+m) @-1ArcCsccx] d
8bArcSin[ ————] Log[1+ | -8bArcCsclcx] Log[1 - e tArcCsclex] | +2bﬂLog[\ﬁ— |+
N2 cVd X
2+/d e Fm[—ncx/i—w/—czde c2x2 2+/d e |-ve +c|-ic+/d +/-c?d-e ] ]
2b+/e Log 2b+/e Log
j]_\/? [ A -c?d-e (\/_+]l ) [ m(\/_ Ve x )
ZbﬂLOg[\/?-F ]+ + +
X V-c?d-e V-c’d-e

(\/? m) @-iArcCsclcx] (_\/? m) -1 ArcCsc[c X]
| +41ibPolyLog|2,
cVd cVd

4alog|d+ex?| +41bPolylLog|2,

] +

(\/E m) e-iArcCsclcx] (\/? m) e-iArcCsclcx]
_ | +41ibPolyLog|2,
cV/d cVd

4 i bPolylog [2, } +4 i bPolylLog [2) @2 i ArcCsclcx] ]

Problem 105: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.



40 | 5.6 Inverse cosecant.nb

Jx (a+bArcCsclcx]) 5
X

<d+ex2)2

Optimal (type 3, 131 leaves, 7 steps):

bchr‘cTan[ﬁ —
a+bArcCsc[cx] bcxArcTan|[+/-1+c2x? | [ dre

- - +

2e (d+ex?) 2de/c?x? 2dVe Vc?d+e V2 x?
Result (type 3, 286 leaves):

Lo
1 2a 2bArcCsc[cx] 2bAr‘c51n[;]
o= N _
4e|d+ex? d+ex? d

+

4ﬂde—4cd\£{cﬁ+ﬁ\/—c2d—e 1—# X 4i|-dercde |ic+/d+-c?d-e ﬂllfﬁ X
b\/?Log b\ELog
[ b~/ -c2d-e (ﬁ—i\/?x) ] [ b+/-c2d-e (\/?+iﬁx) ]
+
dv-c?d-e dv-c?2d-e

Problem 106: Result more than twice size of optimal antiderivative.

ja +bArcCsc[cx]
X

X (d+ex2)2

Optimal (type 4, 566 leaves, 24 steps):
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b \/?Ar‘cTan[@}

a+bArcCsclcx]) Log[1 - ic/-d ethrecseicn
e (a+bArcCsc[cx]) i (a+bArcCsclcx])? Ve 1« ( (ex]] Log] e
- . ) _ |
2" e+ 2) 2o 22/ Tdre 20
X

(a+bArcCsc[cx]) Log[1+ €

“d eliArcCsclcx) } “d eiArcCscicx] ]

Ve faae Ve n[dae
2d? 2 d? 2 d?

ic/_d eiArcCscicx] } “d eiArcCscicx] } ic/_d eiArcCscicx] ]

Ve -/ c?d+e Ve -/ c2dre Ve +/c?d+e

"
2d? 2d? 2d? 2d?

(a+bArcCsc[cx]) Log[1- =€ (a+bArcCsc[cx]) Log[1+ *€

-d enAr*cCsc,c x] ]

Ve +/c?d+e

-d ei ArcCsc[cx]

Ve +/c2dre

ibPolylLog|2, - ibPolylLog[2, *€ ibPolyLog|2, - ibPolylLog[2, *€

Result (type 4, 1408 leaves):

1 . ) 4ad . Zb\/?Ar‘cCsc[cx] 2bﬁAr‘cCsc[cx]
— |-ibn+ +4 1 bmArcCsc[cXx] + + -
8 d?2 d+ex? Jd —ie x Vd +ie x
1 e
1 l_f% (—]'].C\/?-%—\/?) Cot[% (m+2ArcCsc[cx]) ]
4ibArcCsc[cx]?-4bArcSin[—] +16 i bArcSin| ——————] ArcTan| 4 |+
C X N2 J2dre
1+b£ . 1
N (1cx/?+\/?) Cot[% (m+2ArcCsc[cx]) ] (\E \/c2d+e) -iArcCsccx]
16 i b ArcSin[ ————] ArcTan]| 2 | +2bLog[1+ ] -
V2 Vc2d+e cVd
ive
(Ve - dse | eiancesciex) - T (Ve -VTdre | etrecscien
4bArcCsclcx] Log|[1+ | +8bArcsin| ————] Log[1+ |+
cVd V2 cVd

(_\/? e 2d+e) -1 ArcCsc[c x] (—\/F+“/C2d+e)e’iAPCCSC[CX]

2blog[l+

| ~4bArcCsclcx] Log|[1+

]+

cd cVd
1+ ?% (_\/g m) ~iArcCsc[cx] (\/g m) ~i ArcCsc[ex]
8bArcSin[ ————] Log[1+ | +2brLog|1- | -

V2 cVd cVd
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(\/? m) ~i ArcCsc [ x] 1+ ?% (\/? m) -4 ArcCsc e x]
4bArcCsc[cx] Log[1- | -8bArcsin[ —————] Log|[1- |+
cVd V2 c/d

(\/?_Fﬂ/czd_'_e)e—iAr'cCsc[cx] (\/? N 2d+e) @i ArcCsclcx]

2brlog(1+ | -4bArcCsccx] Log[1+ ] -
cvd cd
ive
1- )
ey \/? + \/m @-iArcCsclcx] . .
8bAr‘cSin[7c] Log[1+( ) ]—anLog[\/?—l\/d_]—zanog[\/?+lﬁ]+
NFY e x x
2+/d Ve |[Ve +c|-icd -/ -c2d-e ] ] er[r+c[—ncr+\/—c2de ] ]
2b+/e Log 2b+/e Log
[ V-ctde (Varive x| : V-ctae (V@-ive x|
8alog[x] + + _
V-c?2d-e V-c?d-e

(\/? m) —i ArcCsc[c x] (7\5 m) —i ArcCsc[c x]
| -4ibPolyLog|2,
c/d cVd

4alog|[d+ex?| -4ibPolylLog|2,

] -

(\/? m) —i ArcCsc[c x] (\/? m) —i ArcCsc[c x]
| -4ibPolyLog|2,
cd c/d

4ibPolylog|2, -

]

Problem 107: Result more than twice size of optimal antiderivative.

Jx“ (a+bArcCsclcx]) 4
X

(d+ex2>2

Optimal (type 4, 803 leaves, 51 steps):
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bArcTanh| [1- - |

d (a+bArcCsc[cx]) d(a+bArcCsclcx]) x (a+bArcCsclcx])

- + + + +

se (Vod Ve -f)  aer (Vod Ve -t e?

g aile 2 g, a Ve

[ ]
c+/d i/ c?d+e 17C21xz
+

4e2+/c2d+e 4e2+/c2d+e 4e°?

BH a+bArcCsc[cx]) Log|1l icy/-d eifreccie 3\/7 a+bArcCsc[cx]) Log 1. ic —d_elAretseicx]
- e - P

4e5/2 4e5/2

3+/-d (a+bArcCsc[cx]) Log[1+ ie/d e 1 3 4 \/T§ polyLog|2, - iey-d et
( ) [ Ve +/c?d+e ] [ ’ Ve -/ c?d+e }

4e5/2 4e5/2

C

[ x ] i _ i ArcCsc[cx]
T e ,112% 3+1/-d (a+bArcCsclcx]) Log[1- —\Lﬁ‘ijm ]

b \/?Ar‘cTanh b \/?Ar‘cTanh

3ib+/_d PolylLog|2, ie/-d e 3ib+/-d PolylLog|2, - ie/-d el 3ib+/_d PolylLog|2, ie/-d eredex
[ ’ e -1/ c?td+e ] [ ’ e 4/ ctd+e } { ’ e +/c?d+e ]

4e5/2 4e5/2 4e5/2

Result (type 4, 1634 leaves):
ax adx BaﬁArcTan[%]

ax., _ 4
e2 2¢2 (d+ex2> 2 e5/2
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Log] ‘ “ - ﬁ”s 2% ‘] Lot ‘ ‘ — Ve ‘]
) ArcSin[i' Voc2de “v“d-'\“ﬂx . ArcSin[i} Voc2dee ‘\\“‘d iVe X‘
1 1
Je Vtae Je Voctae
d|- ArcCsc[cx] i dl- ArcCsc[c x] _
~i+/d Ve +ex Ad id Ve +ex \d
b |- - +
4 ¢? 4 e?
ie
1 17cﬁ (—J‘lC\/?Jr\E) Cot[l(ﬂ+2ArcCsc[cx])]
3+/d |7® -4 ArcCsc[c x] +8ArcCsc[c x]2 - 32 ArcSin| ————] ArcTan| 4 +
32e%/2 N2 Vcid+e
(\E “/c2d+e) —1i ArcCsc[c x] (\/? 1/CZdJre) -1 ArcCsc[c x]
41rLog(l+ | -8iArcCsc[cx] Log[1+ |+
cVd cVd
1- ive )
cd (\/?_chd_'_e)eflArcCsc[cx] (ﬁ e 2d+e) @ 1 ArcCsclcx]
16 i ArcSin[ —————] Log[1+ | +4inLlog[l+ |-
N2 cVd c/d

ive
(ﬁ m) e-1iArcCsc[cx] 1- C\/; (\/? m) -i ArcCsc[c X]
| -16 i ArcSin| —————] Log[1+
cvd V2 cd
d } [ (7\/? m) e-iArcCsclcx]
+8Polylog|2,

X cd

8 i ArcCsc[cx] Log[1+

|+

SJIAPCCSC[ ]Log[ ZlArCCSC[CX]]*4]'l7TLOg[\E+1

} +
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(\/? m) e-iArcCsclcx]

8 Polylog|2, - ] +4Polylog[2, e?iArccsciex]]

c/d
ive
1 1+c¢% (J'LC\HJr\/?)Cot[l(71+2Ar'cCsc[cx}H
3+/d |7® -4 ArcCsc[cx] +8ArcCsc[c x]% - 32 ArcSin[ —————] ArcTan| 4 |+
32e°2 N2 Vec2d+e
(7\/? m) -i ArcCsc[c x] (7\/? m) -i ArcCsc[c x]
41rLog(l+ | -8iArcCsc[cx] Log[1+ |+
c/d cVd
1+DE
Va (_\/? m) -1 ArcCsc[c x] (\/? m) -1 ArcCsc[c x]
16 i ArcSin[ —————] Log[1+ | +4inLog[1- | -

V2 cd cd

(ﬁ m) —i ArcCsc[c x] 1+ ig\/(;g (\/? m) —i ArcCsc[c x]
8 i ArcCsc[cx] Log[1- | -16 i ArcSin| ———] Log[1 - |+

cVd V2 cVd
i \H (\/F m) -1 ArcCsc[c X]
} +8PolyLog[2,
X cVd

81 ArcCsc[cx] Log[1-e?iArecsclex]] 43 rLog[Ve -

] +

(\/F m) -1 ArcCsc[c x] . 1
] +4p01y|_0g[2) @21 ArcCsclcx] ] +
c~/d ce?

8 Polylog [2,
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1 1 1 1 1 1
~ ArcCsc[cx] Cot[ = ArcCsc[cx] | +Log[Cos[ = ArcCsc[cx]]] - Log[Sin[ = ArcCsc[cx]|] + = ArcCsc[cx] Tan[ = ArcCsc[c ] |
2 2 2 2 2 2

Problem 111: Result more than twice size of optimal antiderivative.

st (a+bArcCsclcx]) 4
X

(d+ex2>3

Optimal (type 4, 727 leaves, 33 steps):
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bAr‘cTan[@} b(c?d+2e) Ar‘cTan[@]

bcd 1- 212 ce 1-* x cve 1- Y x
ox a+bArcCsc[cx] a+bArcCsc[cx] cx x
- - +
8e? (c2d+e) (e+;7)x 4e(e+%)2 2e? (e+:—2) 2e52+/c2d+ e 8e*2 (c2d+e)??
X

1_ ic/—d elArccsciex) ]

(a+bArcCsclcx]) Log|

(a+bArcCsclcx]) Log|

1 ica/—d elArcCscicx]

e +1/c2d+e ]

ic/—d elhArecsclex)
1+
Ve -1/ c?dre

(a+bArcCsclcx]) Log |

]

Ve -/ c?dre
+ + +
2e3 2e3 2e3

; _ i ArcCsc[cx] . : _ iArcCsc[cx

(a+bArcCsc[cx})Log[1+L“ d e At , ibPolyLog[2, - 1€ d e A ey
Je [t die (a+bArcCsclcx]) Log|1- e?#Arccsclex] ] Ve -/t dre
23 e3 23
. i {7 i ArcCsc[cx] . 5 _ iArcCsclcx . i {7 i ArcCsc[cx
JleolyLog[Z, icy/-d ettt ] JleolyLog[Z,—]lc d_e Aol 1} JleolyLog[Z, icy/-d elhretreien . -
Ve -n/ 2 d+e e i/ c2d+e e 1/ c?d+e ib POlyLOg[Z, @2 iArcCsclcx] }
- - +
2e3 2e3 2e3 2e3
Result (type 4, 2053 leaves):
ad? ad alog[d+ex?]
- + + +
4 e3 (d+ex2)2 e3 (d+ex2> 2e3
e e e e [ | eyl I el IR evwall RRES N
| | ae
Log| - - Log| - P —]
| Arcsin[ 2] Vezae |Ja .L\eTx‘ | Aresin[ 1] Voczae [Va-ie
i cx i ox \
\/? W -c2d-e \/j A -c2d-e
71 /d ~ _ArcCscfcx] n 71 /d _ _ArcCscfcx]
—i+/d Ve +ex Vd ivd Ve +ex Vd
b 1
N 16 e5/2 ) 16 e5/2

16 e5/2
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4d+/e +/ctd+e cd -4/ c2d+e

ArcCsc[c X] Ar‘cSin[i] (2¢2dee) (-ivd +Ve x|
- +

i+ve +c

ic@

i(2c2d+e) Log|

\/?(c2d+e) (_j\/?+\/?x)_\/?(—i\/?+\/?x>2 d\/? d(c2d+e>3/2

16 e5/2

4d+/e \/c2d+e

23l

—ie +c [C\ﬁ+«/c2d+e
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CZ x* ArcCsc[c X] Arcsin[ -]

i (2c?d L
n ) ) - +]].< C +e> Og[ (2c2d+e)( rr)

Vd (c2dre) (iVd +e x| \/?(J'l\/?+\/?x)2 dve d(c2d+e)??

ive
1 l_cﬁ (—icﬁ+x/?)€ot[l(n+2Ar‘cCsc[cx])]
i |7%-4ArcCsclcx] +8ArcCsc[cx]?-32ArcSin[—————| ArcTan| 4 |+
16 e’ V2 Vctd+e

(\/? m) -1 ArcCsc[c x] (ﬁ m) -1 ArcCsc[c x]

4imlog[l+ | -81iArcCsc[cx] Log[1l+ ]+
cVd cVd
1. ive ,
vd (\/?*m) @-iArcCsclcx] (\/E m) e-iArcCsclcx]
16 i ArcSin[ ———] Log[1 + | +4imLogll+ | -

V2 c\d cd

<\E+m) @-iArcCsc[cx] 1- i‘i% (\/? m) @-1ArcCsccx]
8 i ArcCsc[cx] Log[1+ | -16 i ArcSin| ————] Log[1 + |+
cVd N2 c/d

i

d (7\/? NI 2d+e) e-iArcCsclcx]
| +8PolyLog|2,
X c/d

81 ArcCsc[c x] Log[1 - e2iArccsclex]] 45 rLog[e +

]+
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(\/? m) e-iArcCsclcx]

8 Polylog|2, - | +4Polylog[2, e2iArccselex]] |,

c/d
ive
1 1+c¢; (jC\HJr\/?)Cot[l(n+2Ar‘cCsc[cx}H
i |7%-4nArcCsclcx] +8ArcCsc[cx]? - 32ArcSin[ —————| ArcTan| 4 |+
16 e3 \/7 Veid+e
(7\/? m) -i ArcCsc[c x] (7\/? m) -i ArcCsc[c x]
41rLog|l+ | -8iArcCsc[cx] Log[1+ |+
cVd cd
1+DE
va (_\/? m) -1 ArcCsc[c x] (\/? m) -1 ArcCsc[c x]
16 i ArcSin[ —————] Log[1+ | +4inLog[1- | -

V2 cd cd

(ﬁ m) —i ArcCsc[c x] 1+ ig\/(;g (\/? m) —i ArcCsc[c x]
8 i ArcCsc[cx] Log[1- | -16 i ArcSin| ———] Log[1 - |+

cVd V2 cVd
i \H (\/F m) -1 ArcCsc[c X]
} +8PolyLog[2,
X cVd

81 ArcCsc[cx] Log[1-e?iArecsclex]] 43 rLog[Ve -

] +
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(\/?+“/c2d+e ) @i ArcCsclcx]
cVd

8 Polylog|2, | +4PolyLog|2, e?*Arccsclex]

Problem 112: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Jx3 (a+bArcCsclcx]) ;
X

(d+ex2)3

Optimal (type 3, 157 leaves, 6 steps):
bc (c2d+2e) xAr‘cTan[m]

bexV-1+c2x? x* (a+bArcCsc[cx]) Jade
- + +
8e (c2d+e) Vcrx? (d+ex?) 4d (d+ex?)? 8de’? (c2d+e)?/c2x?

Result (type 3, 390 leaves):
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2bce [1- -1 x .
1 4ad 83 2x? 4b (d+2ex?) ArcCscc X] 4bAr~c51n[i]

- + +

16e’| (drex?)? d+rex’ (c*d+e) (d+ex2)7 (d+ex?)? d

w/—czdee3/2[1r+c[cx/d7 i+ -c2d-e
b (c2d+2e) (\ﬁ+1\/7)

6d+/-c2d-e e3¥/2 \/7+c{—1cx/7+w/—c2de
b(c2d+2e) (ivd +/e x|
+
d(-c2d-e)*? d(-c2d-e)*?

bve (c2d+2e) Log| be (c2d+2e) Log[

Problem 113: Result unnecessarily involves imaginary or complex numbers.

Jx (a+bArcCsclcx])
(d+ exz)3

dx

Optimal (type 3, 193 leaves, 8 steps):

bc(3c2d+2e) xAr‘cTan[m]

bcxv-1+c2x? a+bArcCsc[cx] bcxArcTan|[+/-1+c2x? | dee
- - +
8d (c2d+e) Vc2x? (d+ex?) de (d+ex?)? 4d2e/c2x? 8d>\e (c2d+e)??~/c2x?

Result (type 3, 385leaves):

2bc 1- 2 x . 1
1 4a < abArcCsc[cx] 4bAresin[ 2]
— - +

+

16 e(d+ex2)2+d(c2d+e> (d+ex?) e (d+ex?)? e

-\ﬁ+c

16d2+/ -c2d-e \F[ ive +c (C\/? i+ -c2d-e
b(3c2d+2e) (\ﬁﬂl\/ﬁ )

16d2+/ -c2d-e e —ic~/d +1/ -c?d-e
b(3c2d+2e)( \/7\/7)
d? (_czd_e)a/z\/? e <_Czd_e>3/2\/?

b(3ctd+2e) Log|

b(3c2d+2e) Log|-
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Problem 114: Result more than twice size of optimal antiderivative.

a+bArcCsc[cx]
J dx

X (d+ex2)3

Optimal (type 4, 704 leaves, 28 steps):
b\/?Ar‘cTan[@]

b 1- 4
ce < x? e? (a+bArcCsc[cx]) e (a+bArcCsc[cx]) i (a+bArcCsclcx])? Ve J1-o5 x
- + - + + -
8d2 (c2d+e) (e+ 4] x 4d3(e+%)2 ¢ e+ 2 2bd? eV dre
X

b 241 2e) ArcTan| — e .
Ve (cd+2e) Arc an[cﬁ LLX] (a+bArcCsclcx]) Log[1 - Lo

2 x? e -1/ c?d+e

i ArcCsc[cx] —d et ArcCsc[cx]

Ve -/ c2dre

(a+bArcCsc[cx]) Log[1+ €

8d* (c2d+e)’? 24d? 2d?
(a+bArcCsc[cx]) Log[1- icyod et ] (a+bArcCsc[cx]) Log[1+ icy/od etreein ] ibPolylLog|[2, - Lo -d e ]
e +/ c2d+e e +/ c?d+e e -1/ 2 d+e
2d3 2d3 2d3

i bPolylLog|2, Le/-d e IM T ppolyLog|2, - e d et i bPolyLog[2, iey=d e
[ ’ \/?*\ 2d+e ] [ ’ \E+w/c2d+e } [ ’ \/?M c2d+e }

2d? 2d? 2d?

Result (type 4, 2114 leaves):
a a alog(x] alog[d+ex?]
+ + - +
4d (d+ex?)? 2d (d+ex?) d3 2d3
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[a ‘ [« [& Vaae |1t ‘ 2[a Ve C‘ Ja o/ c2a ,\“1717
Vo2 |2
Log| — Log| — g
Ar‘csin[i] 2d ‘u‘d i ‘ Ar‘cSin[L] Veczae [a ‘
ex i e
Je “2d-e Ve _2d-e
. ArcCsc(c x] . ArcCsc[c x]
5ive |- + 5ive |- _
—i+/d e +ex Nd i+/d Ve +ex Nd
1
- +
16 d°/? 16 d°/2 16 d?
adve \[ctdie |ivesc|cVd [dde [1- 1 |x
. 1 : 2
icve 1- . i(2c“d+e) Lo
2 ArcSin[ 2] ( ) Log| ]
CX

Ve

ArcCsc[c x] (2c2dre) (-iVd +ve x|

Vd (c2d+e) (—j\/?+\/?x) \/?(_jx/FJr\/?x)z

16 d?

icve [1-

ArcCsc[c X]

- + +

de

d (c2d+e)3/2

X

4d-/e ~/c?d+e [—i Ve +c [c Vd +fc?dre [1-2
X

(2c?d+e) (iﬁ+\/?)()

Arcsin[ 1] t(2¢7dre] Log[-

VA (cdee) [iVd + e x| 7%?(de_+v?x)27 de

. _
d (c2d+e)3’/2
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ive
1 1_Cv; (—J'lC\/?+\/?) Cot[% (rr+2ArcCsclcx]) ]
i (7 -4ArcCsclcx] +8ArcCsccx]?-32ArcSin| ————] ArcTan]| 4 ]+
16 d3 V2 vJecid+e

(\/? m) -1 ArcCsc[c X] (\/? m) e-iArcCsclcx]

4imlog|l+ | -81iArcCsc[cx] Log[1l+ |+
c/d c/d
1. ive
N (\/? m) @ iArcCsc[cx] (\/? m) -i ArcCsc[c x]
16 i ArcSin|[ —————] Log|[1+ | +4inLog[1+ | -
V2 cd cd
ive
<\/?+m) @-iArcCsclcx] 1- T (\E m) -1 ArcCsc[c x]
8 i ArcCsccx] Log[1+ | -16 i ArcSin| —————] Log[1 + |+
cd V2 cd

i

P (_\/? m) -1 ArcCsc[c x]
} + 8 PolylLog [2,
X c/d

81 ArcCsc[cx] Log[1 - e?iArccsclex]] 44 rLog[Ve +

]+

(\/? m) -i ArcCsc[c x]

8 Polylog|2, - | +4PolyLog[2, e**Arccsclex]]

c/d
ive
1 1+cﬁ (Jicx/?+\/?)Cot[l(n+2Ar‘cCsc[cx}H
i |7®-4ArcCsclcx] +8ArcCsc[cx]?-32ArcSin[———| ArcTan| 4 |+
16 d* V2 Vvcid+e

(—\/— m) e-1ArcCsclcx] (_\/— m) -1 ArcCsc[c X]

4irLlog[l+ | -81iArcCsc[cx] Log[1+ ]+
cVd c\d
1+DE
va (7@ m) -1 ArcCsc[c x] (\E m) -1 ArcCsc[c X]
16 i ArcSin[ ———| Log|1 + | +4inLog[1- ] -

V2 cVd cVd
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(Ve feFdre ) etamaseion 1+ Ve i VeTdre) e imescicn
8 i ArcCsc[cx] Log[1 | -16 i ArcSin| ——————] Log[1 - |+
cVd V2 cVd

jﬁ (\/? e 2d+e) e-iArcCsclcx]
81 ArcCsc[cx] Log[1 - e?iArccsclex]] 43 rLog[Ve - | +8PolyLog|2,
X cVd

] +

(\/? m) —i ArcCsc[c x]
cVd

8 Polylog|2, | +4Polylog[2, e?irecseiex] | |

~ArcCsclcx] Log[1 - e2iArcCsclex] 4 Z i (ArcCsc[cx]?+Polylog [2, e2ihrcCsciex] ] )

d3

Problem 118: Result unnecessarily involves higher level functions.

st \Jd+ex* (a+bArcCsclcx]) dx

Optimal (type 3, 403 leaves, 12 steps):
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b(23c*d?+12c?de-75e?) xvV-1+c2x2 \/d+ex2 b (29c2d-25e) x/-1+c?x? (d+ex2)3’/2

.
1680 c® e? \/c? x? 840 c3 e? \/c? x?
bxV-1+c2x? (d+ex?)®? d?(d+ex?)*? (a+bArcCsc(cx]) 2d(d+ex?)*? (a+bArcCsc(cx])
N _

.
3 3
42 ce?~/c2 x2 3e S5e

8bcd7/2xAr‘cTan[@]

2 b (105 d® 353 d2e s 63 c2de? + 75 e?) x ArcTanh | Y[’ |
(d+ex?)”* (a+bArcCsc[cx]) Jd 1 cfdrex?
- +
7€’ 105 e3 /2 X2 1680 c6 e5/2 /2 x2
Result (type 6, 705leaves):
3 6 43 4 42 2 2 3 1 1 2,2 eXZ
bd x| (185c®d®-35c*d’e+63c*de’+75¢e’) AppellFl[1l, —, —, 2, *x*, - ——|
2 2
ce X 2 2
, 1 3 1 d 301 1 d 1 1 d
(c d AppellF1[2, =, =, 3, , - ——| -eAppellF1[2, =, —, 3, » - —— || +4AppellFi[1, =, —, 2, » -]
2 2 c? x? e x? 2 2 c? x? e x? 2 2 c? x? e x?
6 42 52 2 4 32 2 4,2 8 43 2 1 1 2,2 eX2
(35c°d?e?x*-63c*de®x? - 75c?e* x? + c®d® (128d - 105 e x?) ) AppellFi[1, —, —, 2, 2 X%, - |+
2 2
g 43 2 1 3 , ., ex? 5 3 1 , ., ex?
32c®d®x? |-eAppellF1[2, —=, =, 3, Zx?, - ——| +c*dAppellF1[2, =, =, 3, ¢ x*, - —| /
2 2 d 2 2 d
1 1 1 d 1 3 1 d
[849 e’ (-1+c*x*) \Jd+ex? -4 c?ex? AppellFi[1, =, =, 2, , - ——| +c?dAppellF1[2, =, =, 3, , - -
2 2 c? x? e x2 2 2 c2 x? e x?
AppellF1[2 2,15, 2 i]
e fppe P27 " T 2y’ ex2
1 1 e x? 1 3 1 e x?
[4dAppe11F1[1, =, 2, x, -] 4% (—eAppellFl[Z, =, =, =, 3, 2%, - ] ]J +
2 2 d 2 2 2
1
ﬁw/d+ex2 16ac® (8d*-4d’ex’+3de*x*+15e°x°%) +be x (75e*+2c’e (19d+25ex?) +c* (-41d*+22dex’ +40e°x*) ) +
1680 c’ e

16bc® (8d>-4d*ex®+3de’x*+15e*x®) ArcCsc[c x]
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Problem 119: Result unnecessarily involves higher level functions and more than twice size of optimal

antiderivative.

JX3 \Jd+ex® (a+bArcCsclcx]) dx

Optimal (type 3, 294 leaves, 11 steps):
b(c2d+9e) x\V-1+c2x2 Jd+ex? bx\-1+c2x? (d+ex2)3/2 d <d+ex2)3/2 (a+bArcCsclcx])

+

+

120 c3 e c2x? 20ce/c2x? 3e?
5/2 2bcd5/2xAr‘cTan[@] b (15 c*d?-10 czde—9e2> xAr‘cTanh[\E 1t }
(d+ex?)”* (a+bArcCsc[cx]) Ne cddiex
+ —

5e’ 15 e2+/c2 x2 120 c*e3/2+/c2 x2

Result (type 6, 627 leaves):

3 4 42 2 2 1 1 2,2 EX2
-||bd x> | (15c*d*-10 ¢ de—9e)AppellF1[1, =, =2, %, - —]
2 x2 2 2 d
2d AppellF1|2 13 3 ! a4 AppellF1|2 3.1 3 1 .
(C ppe [: 2: 2) > CZXZ,_eXZ}_e ppe [) 2: 2) > czxz’_exz] +
1 1 1 1 1 e x2
4 AppellFi[1, —, —, 2, ,-——] [(1ec*de?x? +9c?e*x? + c®d? (16d-15ex?) ) AppellF1[1, —, =, 2, *x%, - —— | +

2 2 c? x2 e x?2 2 2 d

1 3 e x? 3 1 e x?
4c®d?x? |-eAppellF1[2, =, =, 3, c?x?, - ——] + c2dAppellF1[2, =, =, 3, c*x?, })]] / (60c3e (-1+2x) Jd+ex?

2 d 2 2 d
. 11 1 d , 13 1 d 301 1 d

[—4c ex? AppellFi|1, =, —, 2, , - ——| +c2dAppellFi[2, =, =, 3, , - ——| -eAppellF1[2, =, =, 3, ——})
2 2 c? x? e x? 2 2 c? x? e x? 2 2 c? x? e x?
? 2,2 7£] ]J N
3
d

1 1 , ., ex? 5 1 3 , , ex 5 3 1
4dAppellF1[1, —, —, 2, C° X%, —7} + X —eAppellFl[Z, —, —, 3, €°X%, —7} +C dAppellFl[Z, -5 =5 3, ¢C
2 2 d 2 2 d 2 2

#x/d+ex2 8ac? (—2d2+dex2+3e2x4) +be X (9e+c? (7d+6ex2)) +

120 c3 e?

8bc® (-2d*+dex®+3e*x*) ArcCsc[c x]
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Problem 120: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

JX\/d-%—EXZ (a+bArcCsclcx]) dx

Optimal (type 3, 195leaves, 9 steps):

bcd3/2xArcTan[@} b(3ctd+e) xAr‘cTanh[@]

bxvV-1+c2x? Jd+ex? (d+ex?)*? (a+bArcCsclcx]) N T cJarex?
+ - +
6 cc?x? 3e 3er/c?2x? 6c2/e \/c2x?
Result (type 6, 547 leaves):
1
bd [1- x3
2 x?

, 11 , ., ext 1 3 1 d 3 01 1 d
(3c*d+e) AppellF1[1, =, =, 2, > x?, - —| [c dAppellF1[2, =, =, 3, , - ——| -eAppellF1[2, =, =, 3, , - }) +
2 2 d 2 2 c? x? e x2 2 2 2 x? e x?
1 1 1 d 1 1 e x?
2 AppellFl[1, =, =, 2, -——] | (-2c?e’x*+2c*d (2d-3ex?)) AppellF1[1, —, =, 2, X%, - ——| +
2 2 c? x? e x? 2 2
1 3 e x? 3 1 e x?
ctdx? (eAppellFl[Z, =, =, 3, cx?, - ——| +c2dAppellF1[2, =, =, 3, ?x?, - —| ]] / [3C (-1+c*x?)\/d+ex?
2 2 d 2 2 d
, 11 1 d , 1 3 1 d 31 1 d
-4 c?ex?AppellFi(1, =, —, 2, , - ——| +c2dAppellFi[2, =, =, 3, , - ——| -eAppellF1[2, =, =, 3, -—]
2 2 c? x? e x? 2 2 c? x? e x? 2 2 c? x? e x?
1 1 e x? 1 3 e x? 3 1 e x?
[4dAppellF1[1, =, 5,2, 2%, —7} + X2 —eAppellFl[Z, =, 5, 3, 2%, —7} +c2dAppe11F1[2, =, 5, 3, c?x%, —7] J) +
2 2 d 2 2 d 2 2 d

Vd+ex?

be [1- - x+2ac(d+ex?)+2bc (d+ex?) ArcCsc[cx]
ce X

6ce

Problem 126: Result unnecessarily involves imaginary or complex numbers.

J\/dJrex2 (a+bArcCsclcx])

4

dx
X

Optimal (type 4, 328 leaves, 11 steps):
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2bc(c2d+2e)\/—1+c2x2 Vd+rex?  beV-1+2x2 Jdrex?

9d+/ c?x? 9 x2+/c?x?

(d+ex?)*? (a+bArcCsc[cx]) 2bc (c?d+2e)xV1-c?x* Vd+ex® EllipticE[ArcSin[cx], - <~
N _

3dx3

9d+v/c2x2 v/ -1+c2x2 1+ed—x2

b(c?d+e) (2c?d+3e) xV1-c2x? /1+edi EllipticF [ArcSin[cx], - =]

c%d

9dvc2x2 V-1+c2x? Jd+ex?

Result (type 4, 247 leaves):
Vd+ex? |3a(d+ex?)+bc [1- czlxz x (d+2c?dx*+4ex?) +3b (d+ex?) ArcCsc[cx]

- +

9d x3

2
ibc\/l ! x\/1+eX [Zczd(c2d+2e) EllipticE[i ArcSinh[+/-c? x|, i]—

7c2d

(2c*d*+5c*de+3e?) EllipticF[i ArcSinh[+/-c* x], —Zi]
c-d

/(9\/—c2 d\/l—czx2 \/d+ex2

Problem 127: Result unnecessarily involves imaginary or complex numbers.

dx

J\/d+ex2 (a+bArcCsclcx])

x6

Optimal (type 4, 453 leaves, 12 steps):
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bc(24c*d?+19c?de-31¢?) Vo1+e2x2 Jdrex? bec (12c2d-e) Vo1+e2x2 VJdrex?

225 d? +/ c? x? 225d x2+/ c? x?
bcvV-1+c2x? (d+ex?)®? (d+ex?)*? (a+bArcCsc[cx]) 2e (d+ex?)*? (a+bArcCsc[cx])
- + +
25d x4/ c? x? 5dx° 15 d2 x3
bc? (24c*d?+19c*de - 31e?) xV1-c2x? \/d+ex? EllipticE[ArcSin[cx], —%d]
C

225d23/c2x V-1acBxE (149X

b(c2d+e) (24c*d*+7c?de-30e?) xV1-c2x? |1+ ed—"z EllipticF [ArcSin[cx], 7%(1}
C

225d2/c2x2 v/ -1+c2x® Vd+ex?

Result (type 4, 325leaves):

—;\/dJrex2 15a (3d2+dex2—2e2x4) +

225d? x°

x (-31e?x*+dex® (8+19c*x*) +3d® (3+4c*x*+8c*x*)) +15b (3d*+dex®-2e’x*) ArcCsclcx] | +

2
ibc [1- ! x |1+ [czd(24c4d2+19c2de—31e2)EllipticE[JiAr‘cSinh[x/—c2 x],—i}+
c? x? d c?d
(-24c®d®-31c*d’e+23c*de’+30¢e’) EllipticF[i ArcSinh[+/-c x|, —%}) /(225\/—c2 dz\/l—czx2 \/d+ex2)
c-d

Problem 128: Result unnecessarily involves higher level functions.

ng' (d+ex2)3/2 (a+bArcCsclcx]) dx

Optimal (type 3, 374 leaves, 12 steps):
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b (3c*d?-38c2de-25¢e?) xvV-1+c2x2 v/d+ex? b (13c2d+25e) xV/-1+c2x? (d+ex2)3/2

+

.
560 c® e \/ c? x? 840 c3 e/ c? x?
bxV-1+c2x? (d+ex?)*? d(d+ex?)®? (a+bArcCsc[cx]) (d+ex?)”? (a+bArcCsc[cx])
- + +
42 ce/c2 x? 5e’ 7 e?
2bcd7/2xAr‘cTan[@] b (35c®d®-35c*d2e-63c2de?-25¢e?) xAr‘cTanh[E “Lectx? ]
Vd A -1+c2x? c+/die x?
35e2+/c?x? 560 c® e3/2 1/ c? x?
Result (type 6, 679 leaves):
3 6 43 4 42 2 2 3 1 1 2,2 eX2
-||bd x> | (35¢c®d®-35c*d’e-63c’de’-25e?) AppellFi[1, —, —, 2, ®X?, ]
c2 x? 2 2
2d AppellF1|2 13 3 ! d AppellF1|2 31 3 ! 4 AppellF1|1 ! 2 ! d
(C ppe [)23 2: ,czxzj_exz}_e ppe [12) 2) JCZXZ,_exz] + ppe [12: 2) )CZXZ;_eXZ]
6 42 52 2 4 32 2 A4 2 8 43 2 1 1 2,2 eXz
(35c°d?e’x* +63c*de®x? +25c2e* x? + c®d® (32d-35ex?)) AppellFl[1, —, =, 2, X2, |+
2 2
g 13 2 1 3 , ., ex? 5 3 1 , ., ex?
8c®d®x? |-eAppellF1[2, =, =, 3, c*x?, - ——| + c>dAppellF1[2, =, =, 3, 2%?, - ] /
2 2 d 2 2 d
1 1 1 d 1 3 1 d
[280 ce(-1+c2x?) \/d+ex? |-4c*ex?AppellFi1, —, —, 2, , - ——] +c*dAppellF1[2, =, =, 3, , - -
2 2 c? x? e x2 2 2 c? x? e x2
3 1 1 d
eAppellFl[2, =, —, 3, , -
2 2 c? x2 e x?
11 e x? 3 X2 3 1 e x2
[4dAppe11F1[1, =, 2,2, 2%, - | +x? (—eAppellFl[Z, =, =, 3, %%, - ——] +c2dAppellF1[2, =, =, 3, c*x?, - ]
2 2 2 2 2

#xldJrexz -48ac’® (2d75ex2) (d+ex2)2+be

1680 c® e? c? x?

48bc> (2d-5ex?) (d+ex2)2ArcCsc[cx]

Problem 129: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

X (75e2+2c2e (82d+25ex2) +c? (57d2+106dex2+40e2x4)) -

| 61
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Jx (d+ex2)3/2 (a+bArcCsclcx]) dx

Optimal (type 3, 262 leaves, 10 steps):

b(7c2d+3e) xV-1+c2x2 Jdrex? bxv-1+c2x? (d+ex2)3/2

+ +
40 c3\/c? x? 20 c/c? x?
5/2 _ Jaexr 4 42 2 2 Ve o[ 1t
5/ bcd*2xArcTan| | b(15c*d*+10c?de+3e?) xArcTanh| ]
(d+ex?)”* (a+bArcCsc[cx]) VT A dect cJdrex?
- +
e 5e+c?x? 40 c* e /2 x?
Result (type 6, 602 leaves):
3 4 42 2 2 1 1 2 2 eXZ
bd o X (15c*d? +18c*de+3e?) AppellF1[1, —, =, 2, *x*, - ——|
c2x
2 d AppellF1|2 12, i} AppellF1[2 2,1, 2 L]
(C ppe 12) 2: ’czxz,iexz - @ Appe )21 2) chxz:*exz +
1 1 1 1 1 e x?
4 AppellF1[1, =, =, 2, »-——] |(-1ec*de*x?*-3c*e’x* + c®d® (8d-15ex?)) AppellF1[1, —, =, 2, *x*, - —— | +
2 2 c? x? e x? 2 d
6 o 2 1 3 , ., ex? , 3 1 , ., ex?
2c’d x —eAppellFl[Z, -, —, 3, C°Xx%, —7] +C dAppellFl[z, —, —, 3, C° X%, —7} /
2 2 d

1 1 1 d 1 3 1 d
[ze A (-1+2x?) \Jd+ex? [-4c?ex? AppellFl[1, —, =, 2, , - ——| +c?dAppellFi[2, =, =, 3, , - -
22 2 x? e x? 2 2 c2x? e x?
3 1 1 d
eAppellF1[2, =, —, 3, s - —]
2 2 c? x? e x?
1 1 e x? 1 3 e x? 3 1 e x?
[4dAppe11F1[1, =, =, 2, Ax%, - ——| +x? |-eAppellF1|2, =, =, 3, c*x?, - ——] + c2dAppellF1[2, =, =, 3, c*x?, ]]J) +
2 2 d 2 2 d 2 2
Vd+ex?

gac® (d+ex?)?+be llfczlj x (3e+c?(9d+2ex?)) +8bc3 (d+ex?)?ArcCsccx]

40c3e

Problem 136: Result unnecessarily involves imaginary or complex numbers.

J(d+ex2)3/2 (a+bArcCsccx])
6

dx
X

Optimal (type 4, 416 leaves, 12 steps):
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bc<8c“d2+23c2de+23e2)\/—1+c2x2 \d+ex? 4bc(c2d+2e)\/—1+c2x2 Jdirex? be-1+c2x? (d+ex2)3/2

75d+/ c? x2 75 x% \/ c? x2 25 x*+/ c? x2
(d+ex?)? (a+bArcCsclcx]) b (8c*d?+23c>de+23e?) xVV1-c?x* Vd+ex® EllipticE[ArcSin(cx], - ]

+ —

5d x°

75d\Vc2x2 V-1+2x2 1+ed¢2

b(c?d+e) (8c*d>+19c2de+15e2) xV1-c*x* |1+ ed—xz EllipticF[ArcSin[cx], - =]

c%d

75dvVc2x2 V-1+c2x2 Vd+ex?

Result (type 4, 303 leaves):

1 \Jd+ex? |15a (d+ex2)2+bc

x (23e’x*+dex? (11+23c?x%) +d* (3+4c*x*+8c*x*)) +15b (d+ex2>2Ar‘cCsc[cx} +

75d xS c? x?
2
ibc [1- ! x |1+ % [czd(8c4d2+23c2de+23e2)EllipticE[JiAr'cSinh[«/—c2 x},—i]—
c? x? d c2d
(8c®d®+27c*d*e+34c*de’+15¢e’) EllipticF[i ArcSinh[+/-c x|, —zi}) /(75\/—c2 d\/l—czx2 \/d+ex2)
c-d

Problem 137: Result unnecessarily involves imaginary or complex numbers.

(d+ex?)*? (a+bArcCsclcx])
J dx

X8

Optimal (type 4, 554 leaves, 13 steps):
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bc (240 c®d® +528 c*d? e + 193 c2d e? - 247 &3) Vo1+c2x2 VJdrex? b (120 c*d? + 159 c2d e - 37 €?) Vo1+e2x2 Jdrex?

3675 d2\/c2 x? 3675dx2\/c2x2
bc(30c2d+11e)m(d+ex2)3/2_bcm(d+ex2)5/2_ (d+ex2)5/2 (a+bArcCsclcx]) .
1225d x* /2 x? 49dx6~/cZx2 7dx’
2e (d+ex?)®? (a+bArcCsclcx] ) bc? (240 c®d*+ 528 c*d?e+193 c2de? - 247€*) xV1-c2x? \/d+ex? EllipticE[ArcSin[cx], 7ﬁ}

+ —

35d? x°

3675d2 v c2x2 V-1+c2x? 1+ed—x2

2

ex e
2b (c*d+e) (126c®d®+204c*d?e+17c*de’-105€®) x/1-c2x* |1+ EllipticF [ArcSin[cx], - —]| /

c%d

[3675d2\/c2x2 \/—1+c2x2 \/d+ex2

Result (type 4, 383 leaves):

! Jd+ex? [105a (5d-2ex?) (d+ex?)®+

3675 d2 x’

.~ x (-247e>x5+de’x* (71+193c2x2)+3d2ex2 (61+83c2x2+176c4x4)+15d3 <5+6c2x2+8c4x4+16c6x5))+
c2x

105b (5d-2ex?) (d+ex2)2Ar‘cCsc[cx] +

1 e x? e
ibc [1-—— x [1+ c?d (240 c®d’ + 528 c* d’ e + 193 c* d e? - 247 €*) EllipticE[i ArcSinh[+/-c? x|, - ——] -
e x d cd
e
2 (120c®d* +324c®d* e+ 221 c* d’ ? - 88 c*d e’ - 105 e*) EllipticF[i ArcSinh[+/-c* x|, - —] /(3675\/—c2 d\1-c2x? \[drex?
c‘d

Problem 138: Result unnecessarily involves higher level functions.

st (a+bArcCsclcx]) ;
X

Vd+ex?
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Optimal (type 3, 321 leaves, 11 steps):

b(19c2d—9e)X\/—1+c2x2 Vdrex2  bxy-1+c?x? (d+ex2)3/2 d?+d+ex? (a+bArcCsc[cx]) 2d(d+ex2)3/2 (a+bArcCsclcx])
- + + - +
120 c3 e2 /2 x2 20ce?+/c2x? e’ 3e?

5/2 8bcd5/2xAr‘cTan[@] b(45c4d2710c2de+9e2)xAr‘cTanh[L\E ’1“2"2}
(d+ex?)*? (a+bArcCsccx])

Vd A/ -1+c2x? c+/d+e x?
- +
3
Se 15 e3+/c2 x2 120 c*e>/2+/c2 x2

Result (type 6, 629 leaves):

1

4 42 2 2 11 2. ex
bd - (45c*d?-10c*de+9e?) AppellFl[1, —, =, 2, *x%, - ——|

22

ce X 2 2

2 d AppellFi1|2 12, i} AppellF1[2 2,15, 2 i]

(C ppe :21 2: ,czxz"_exz - @ Appe )2: 2) chxz:_exz +
1 1 1 d 1 1 e x?
4 AppellFi[1, —, —, 2, ,-——] |(1ec*de?x* -9 c?e*x? + c®d® (64d-45ex?)) AppellFl[1, —, >’ 2, 32X, - ——| +
2 2 c? x? e x? 2 d
. 1 3 , ex? 3 1 ,
16 c®d eAppellFl[ —, —, 3, C° X%, —7] +C dAppellFl[ -5 —» 3, C /
2 2 2 2
1 1 1 d
[60c e? (-1+c*x*)\/d+ex® |-4c’ex AppellF1[1, =, =, 2, , ———| +c?dAppellF1[2 f, f, 3, -
202 c? x? e x? 2 2 2x2’ ex?
e AppellF1] 31 3 ! d
2727 7 e e x?
1 1 e x? 1 3 e x? 3 1 e x?
[4dAppellF1[ =, =2, -] 4% (—eAppellFl[Z, =, =, 3, c2x%, - ——| +c2dAppellF1[2, =, =, 3, *x?, - ] ]] +

2 2 d 2 2 d 2 2 d

1
————+/d+ex?® |8ac3 <8d2—4dex2+3e2x4) +be

X (9e+c?(-13d+6ex?)) +8bc® (8d*-4dex?+3e’x*) ArcCsc[cx]
120 c3 e

c? x?

Problem 139: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

Jx3 (a+bArcCsclcx]) 4
X

Vd+ex?
Optimal (type 3, 225leaves, 10 steps):
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bxv-1+c*x2 Jd+ex? dVd+ex? (a+bArcCsclcx])
2

6cec?x? e

2bcd*2xArcTan|

+

_aex |y (3c2q-e) xarcTanh| L lex |

(d+ex?)*? (a+bArcCsclcx])
2 6C2e3/2 CZXZ

.
2
3e 3e2+/c2x

Result (type 6, 554 leaves):

1

_|llbd _
c? x?
R 1 , ., ext [, 13 1 d 31 1
(3c2d-e) AppellFi[1, =, =, 2, X2, - ——| (c dAppellFi1[2, =, =, 3, , - ——| -eAppellF1[2, =, =, 3,
2 2 d 2 2 c? x? e x? 2 2 2 x?
1 1 1 d 1 1 e x?
4 AppellF1[1, =, =, 2, -——] [(c?e®x*+c*d (4d-3ex?)) AppellF1[1, —, —, 2, ®x*, - — ] +
2 2 c? x? e x? 2 2

2

1 3 e x? 3 1 ex
c*dx? |-eAppellF1[2, =, =, 3, 2x?, - ——| + c*dAppellF1[2, =, =, 3, Zx?, - —| ]] /
2 2 d 2 2
, 11 1 d , 1 1 d 31 1
[—4c e x? AppellFl[1, =, =, 2, , - ——] +c*dAppellF1[2, =, =, 3, , - ——| -eAppellF1[2, =, =, 3,
2 2 c? x? e x? 2 2 c? x? e x? 2 2 c? x?
1 1 e x2 1 3 e x2 3 1
[4dAppellF1[1, =, =, 2, 2x?, - ——| +x? |-efAppellF1|2, =, =, 3, *x*, - ——] + c2dAppellF1[2, =, —, 3, c*x?, -
2 2 d 2 2 d 2 2
Vd+ex? |-4acd+be ll—czlz x+2acex?+2bc (—2d+ex2)Ar‘cCsc[cx]
X
6ce?

Problem 140: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

dx

Jx (a+bArcCsclcx])
Vd+ex?
Optimal (type 3, 132leaves, 9steps):




bc \HXArcTan[@} bXAr‘cTanh{\E -1+c?x? ]

Vd+ex? (a+bArcCsc[c x}) Vd +1ee %2 c+/drex?
- +
e e c?x? Ve ez x?

Result (type 6, 271 leaves):
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1 1 1 3 e-c?ex?
-|[3b(c*d+e) [1- . \Jd+ex? AppellFl|—, - =, 1, =, 2—,17c2x2]/
c X 2 2 2 c‘d+e
1 1 3 e-c?lex? 3 1 5 e-c’ex?
cex (-3 (c*d+e) AppellFl| =, - =, 1, =, ———, 1-c2x?| + (-1+c*x?) |2 (c?d+e) AppellFl|[ =, - =, 2, =, ————, 1-c2x?| -
2 2 2 c?d+e 2 2 2 c2d+e

3 1 5 e-c?ex? -
eAppellFl| =, =, 1, =, ————, 1-c?x?]
2 2 2 c2d+e

) Vd+ex? (a+bArcCsc[cx])
+

e

Problem 146: Result unnecessarily involves imaginary or complex numbers.

Ja +bArcCsc[c x]
X

x4/ d + e x?
Optimal (type 4, 362 leaves, 11 steps):
bc(2c2d-5e)V-1+c2x® VJd+rex? bc/-1+c2x? Jdrex? Vd+ex? (a+bArcCsc[cx])

- +

9d2+/c2x2 9dx2+/c?x? 3dx®

cd

2eVdrex? (a+bArcCsc[cx]) b c2 (2c2d—5e)xx/1—c2x2 \d+ex? EllipticE [ArcSin[cx], - =]

+

3d?x

9d2v/c2x2 V/-1+c2x? 1+edi

2b (c?d-3e) (c?d+e) xV1-c2x? llJred—"2 EllipticF[ArcSin[cx], fi}

9d2vc2x2 v/ -1+c2x? Vd+ex?

Result (type 4, 249 leaves):



68 | 5.6 Inverse cosecant.nb

Vd+ex? |bc l—c1 x (d+2c?dx*-5ex?) +3a(d-2ex?) +3b (d-2ex?) ArcCsc[c X]

ZXZ

9d?x3

2
ibc\/l— 21 x\/1+e: [czd(ZCZd—Se) EllipticE[i ArcSinh[+/-c? x|, i]+

c%d

2 (-c*d*+2c?de+3e?) EllipticF|i ArcSinh[+/-c? x|, —i}) /(9\/—8 dz\/l—czx2 \/d+ex2

c%d

Problem 147: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

st (a+bArcCsclcx]) ;
X

(d+ex2>3/2

Optimal (type 3, 252 leaves, 10 steps):

bxvV-1+c2x2 Jd+ex? d? (a+bAr‘cCsc[cx1) 2d+d+ex? (a+bAr‘cCsc[cx])

+

6ce2c?x? e3/d+ex? e3
32 8de3/2xAr‘cTan[@ b (9c’d-e) XAr‘cTanh[ﬁ —71%2)(2 ]
(d+ex?)** (a+bArcCsclcx]) Ja e T
+ —
3e3 3 e3+/c2 x2 6c2e5/2+/c2 x2?

Result (type 6, 586 leaves):
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1

-||bd - x3
c? x?
5 1 1 2 2 e x? 5 1 3 1 d 3 1 1 d
(9c d—e) AppellFl[l, —, —, 2, C° X%, —7} (c dAppellFl[z, - —5 3, B —7] —eAppellFl[Z, -, —, 3, , _—}J ¥
2 2 d 2 2 c? x? e x? 2 2 c? x? e x?
1 1 1 d 1 1 e x?
4 AppellFl[1, =, =, 2, s -] |(c?e®xX?+c*d (16d-9ex?)) AppellF1[1, —, =, 2, > X%, - —— | +
2 2 c? x? e x? 2 2 d

2

1 3 ex 3 1 ex
4ctdx? (eAppellFl[Z, =, =, 3, c2x*, - ——| +c2dAppellFi[2, =, =, 3, *x?, - —| JJ / 3ce’ (-1+c?x*) \Jd+ex?
2 2 d 2 2 d
, 11 1 d , 1 3 1 d 3 1 1 d
[—4c e x? AppellFi[1, =, —, 2, , - ——| +c?dAppellFi[2, =, =, 3, , - ——| -eAppellF1[2, =, =, 3, — )
2 2 c? x? e x? 2 2 c? x? e x? 2 2 c? x? e x?
1 1 , ., ex? , 1 3 , ., ex? 5 3 1 , ., ex?
4dAppellF1[1, —, —, 2, C° X%, —7} + X —eAppellFl[Z, —, —, 3, C° X%, —7} +C dAppellFl[Z, —, —, 3, C° X%, —7] +
2 2 d 2 2 d 2 2 d

be [1-1 x(d+ex?) -2ac (8d2+4dex?-e?x*) -2bc (8d2+4dex?-e?x*) ArcCsc[cX]

c? x?

6ce3/d+ex?

Problem 148: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

JXS (a+bArcCsclcx]) ;
X

(d+ex2>3/2

Optimal (type 3, 156 leaves, 9 steps):
2bcﬁxArcTan[@] bXArcTanh[@}

d(a+bArcCsc[cx]) ~d+ex? (a+bArcCsc[cx]) NER TN cJdiex?
+ - +
e2+/d+ex? e? 02 /2 x2 e3/2 /2 x2

Result (type 6, 326 leaves):
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1 1
2bcd - x3
e (-1+c2x?) Vd+ex? 2 x?
R 11 1 . 1 d . 1 3 1
- [(Zc AppellF1[1, =, =, 2, -—] /[4c e x? AppellF1[1, =, =, 2, , - ——| -c?dAppellFi[2, =, =, 3,

2 2 c? x? e x? 2 c? x? e x? 2 2 c? x?
31 1 d 1 , , ex 11 , , ex?

eAppellF1[2, =, =, 3, s ——})] +AppellF1[1, =, =, 2, c*x?, ——]/ 4dAppellFl[1, —, =, 2, X%, - ——] +
2 2 c? x? e x? 2 d 2 2

(2d+ex?) (a+bArcCsclcx])

e2+/d+ex?

X2

1 3 , ., ex s
—eAppellFl[Z, —, —, 3, c° x5, —7] +C dAppellFl[z,
2 2 d

Problem 149: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

Jx (a+bArcCsclcx])

(d+ex2)3/2

dx

Optimal (type 3, 79leaves, 4 steps):

bchr‘cTan[@]
a+bArcCsc[cx] Vd A -1+ x?
- +
ed+ex? \Vd e x?
Result (type 6, 190 leaves):
; 1, 11 1 d
2bcd [1- x® AppellFi(1, =, =, 2, » -] /
c? x? 2 2 c? x? e x?
1 1 1 d 1 3 1 d
[(—1+c2x ) \/d+ex? (4c ex AppellFl{ =, =, 2, , - ——] -c*dAppellF1[2, =, =, 3, -]+
2" 2’ c? x? e x? 27 2 c? x? e x?
1 d +bArcCsc[cx]
eAppellFl[ f, —, 3, 7] )—
2" 2’ 2xt’ ext eVd+ex?

Problem 155: Result unnecessarily involves imaginary or complex numbers.

a+bArcCsc[cx]
J dx

2 <d+ex2)3/2

Optimal (type 4, 275leaves, 10 steps):
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bcv-1+c2x2 V/d+ex2 a+bArcCsc[cx] 2ex (a+bArcCsclcx])

+

d?/c?x? dxVd+ex? d2+/d+ex?
2 2 o2 ex? g ; e
be2x/1-c2x2 \/d+ex? EllipticE[Ar‘cSin[cx}, 7%‘1] b(c d+2e)xx/1—c x> |1+ y ElllptlcF[Ar‘cSm[cx]: —Czd}
c

d2v/c2x2 V-1+c2x% Jdrex?
d2v/c2x2 -1+ c2x2 1+ediz

Result (type 4, 213 leaves):

-bc [1--2 x (d+ex?) -a(d+2ex?) -b (d+2ex?) ArcCsc[c x]

2 x?
+
d>xVd+ex?
2
ibC\/l— 212 x\/1+e: [czdEllipticE[J'LAr‘cSinh[x/—c2 x|, - f | - (c*d+2e) EllipticF[i ArcSinh|[+/-c? x],—%] /
ce X ccd c-d

[\/7c2 dz\/l—czx2 \/d+ex2

Problem 156: Result unnecessarily involves higher level functions.

st (a+bArcCsclcx]) 4
X

(d+ex2)5/2

Optimal (type 3, 243 leaves, 10 steps):

bcdx/-1+c2x2 d* (a+bArcCsc[cx]) 2d(a+bArcCsclcx])
- + +
3e? (c2d+e) Ve2x2 Vdrex? 3¢ (d+ex?)®? e3+/d+ex?
8bcx/?xAr‘cTan{4@} ber‘cTanh[@}
Vd+ex? (a+bArcCsclcx]) NER R cfdrext
- +
e’ 3e*/c?x? e>2+/c2x?

Result (type 6, 416 leaves):
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1

1 3 R
-eAppellF1[2, =, =, 3, c
202

3e? (-1+c?x?) \/d+ex?

+|bcde

S x(d+ex2)+a(c2d+e) (8d2+
ce X

2.2 11
4c?ex? AppellFi[1, =, =, 2,
2 2

11 , ., ex?
]+ 3AppellFl|1, =, =, 2, X%, - —| /
2 2 d

ex 3 1 e x?
X2, - ——] +c*dAppellF1[2, =, =, 3, 2 X, - —|
d 272 d

12dex®+3e*x*) +

b(c2d+e) <8d2+12dex2+3e2x4) ArcCsc[c X] /(3e3 (c2d+e) (d+ex2)3/2)

Problem 157: Result unnecessarily involves higher level functions.

JXB (a+bArcCsclcx]) ;
X

(d+ex2>5/2

Optimal (type 3, 163 leaves, 7 steps):

2bchrcTan[@]
bcx V *1+C2 XZ d (a+bAr‘CCSC[C X]) a+bAr‘cCsc[c XJ Vd A -14c? x2
- + - +
3e(c?d+e) Verx? Vd+ex? 3e? (d+ex?)?? e2+/d+ex? 3+/d e2/ 2 x2

Result (type 6, 270 leaves):

1 1 1 1 d
4bc? x3 AppellFl(1, =, —, 2, y -] / 3e (-1+c?x*) \Jd+ex?
2 202 c? x? e x?
4 c? e x? AppellF1[1 i, i} 2 d AppellFi|2 12, 2 i} AppellF1[2 201, 2 i]
[ C” e X" Appe 12) 2: chxz:_exz -C ppe 12) 2: JCZXZJ_EXZ + € Appe )2) 2; ,czxz’_exz ]"’

-bce [1-31 x(d+ex?) -a(c2d+e) (2d+3ex?) -b (c2d+e) (2d+3ex?) ArcCsc[cX]

ce X

3e? (c2d+e) <d+ex2)3/2
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Problem 158: Result unnecessarily involves higher level functions.

dx

Jx (a+bArcCsclcx])

<d+ex2)5/2

Optimal (type 3, 138 leaves, 5steps):

bchr‘cTan[@]
bex/-1+c?x? a+bArcCsc[cx] NERVEETEI
- +
3d (2d+e)Vc?x2 Vdrex? e (drex?)?? 3d¥2er/c?x?

Result (type 6, 254 leaves):

2bc3 [1- ! x> AppellFi[1, 5,1,2, ! —i]/[Bd(—1+c2x2)xld+ex2
2

B
c? x? c? x? e x?

1 1 d
y 3) T T
2 c? x? e x?

3

d
Fvi ;} + e AppellF1[2,

] :

! d | - c?dAppellFi|2 12
2xt’ ex? € Ppe " 27 2

N

) )

N

2 2 l l
4 c?ex? AppellFi|1, —,
2 2

-ad (c*d+e)+bce [1- L X (d+ex?) -bd (c?d+e) ArcCsc[cx]

c? x?

3de (c’d+e) (d+ex2)3/2

Problem 164: Result unnecessarily involves imaginary or complex numbers.

a+bArcCsc[cx]
J dx

(d+ex2)5/2

Optimal (type 4, 296 leaves, 10 steps):

bcex?v/-1+c2x? x(a+bAr‘cCsc[cx]) 2x(a+bAr‘cCsc[cx])
- + + +
3d2(c2d+e)\/c2x2 Vd+ex? 3d(d+EX2)3/2 3d2/d+ex?

A/ 2 2 ex? s g : e
be2x\/1-c2x2 \/d+ex? EllipticE[ArcSin[cx], - =] 2bxvi1-cfx®  f1+7) E1lipticF [Arcsin(cx], 7c2d]
+

c2d
3d2/c2x? V-1+c2x2 \/drex?

3 d2 (c2d+e)\/c2x2 Vo1 e2x? 1+edl

Result (type 4, 249 leaves):
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X

-bce [1-- x (d+ex?) +a(c*d+e) (3d+2ex?) +b (c2d+e) (3d+2ex?) ArcCsc[c X]
[

ZXZ

3d? (c2d+e) (d+ex2>3/2

[ ; c d E1lipticE[i ArcSinh[+/-c? x|, - " ] +2 (c?d+e) EllipticF[i ArcSinh[+/-c? x], 72—]
c?x d d
[B\I—CZ d* (c*d+e) \/1—c2x2 \/d+ex2

/

Test results for the 49 problems in "5.6.2 Inverse cosecant functions.m"

Problem 13: Result more than twice size of optimal antiderivative.

ArcCsc| 2]
J\ix dx
XZ

Optimal (type 3, 32leaves, 5steps):

XZ
ArcSin[i] ArcTanh| [1- = ]

X a

Result (type 3, 93 leaves):

[—1+i% X —Log[l— 8 ]+Log[1+ a ]
Ar‘cCsc[f] [1:2 x Ex

X

Problem 16: Result unnecessarily involves higher level functions.

ArcCsc[a x"]
J el ax

X

Optimal (type 4, 69 leaves, 7 steps):



iArcCsclax"]?2 ArcCsc[ax"] Log[1-e2iArctsc[ax’]] i polylog[2, e?#Arccsc[ax']]
- +
2n n 2n

Result (type 5, 63 leaves):

X" HypergeometricPFQ[ {2, 1, 1}, (2 31 x2 i}
i {{2: 5?2 }J {21 }J a2 } . Ar‘CCSC[aXn] 7Ar'cSin[ﬂ] Log[x]
an 2

Problem 21: Result more than twice size of optimal antiderivative.

jArcCsc [a+bx] dx

Optimal (type 3, 36 leaves, 5steps):

ArcTanh| [1- —1— ]
(a+bx) ArcCsc[a+bx] (a+bx)
+

b b

Result (type 3, 120leaves):

2 2 42
(a+bx) [ Ae222bxbxC g ppcTan[ ——2———] +Log[a+bx+V-1+a?+2abx+b2x? |
(@+bx) A\ -1+a%+2 a b x+b? x?

x ArcCsc[a+bx] +

bv-1+a2+2abx+b2x?

Problem 23: Result unnecessarily involves imaginary or complex numbers.

dx

JAPcCsc [a+bx]
2

X

Optimal (type 3, 69leaves, 6 steps):

a—Tan[lAr‘cCsc[mb x]w
2b ArcTan | 2 ]
b ArcCsc[a+bx] ArcCsc[a+bx] 1-a?
a X avi-a?

Result (type 3, 115leaves):

b fAr'cSin[ 1 ]+

a+b x

ArcCsc[a + b x]
- +
X a

5.6 Inverse cosecant.nb | 75
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Problem 24: Result unnecessarily involves imaginary or complex numbers.

ArcCsc[a + b x]
J— dx

X3

Optimal (type 3, 123 leaves, 8steps):

1
b (a+ bX) 1- 1 - (1—232) b2 APCTan[a—TanL—Ar-cCsc[awxm }
(@+bx) b2 ArcCsc[a+bx] ArcCsc[a+bX] 1
_ . B .
2a (1-2a%) x 2 a2 22 22 (1-a2)3"

Result (type 3, 199 leaves):

-1+a%+abx)

4 (-1+a) a? (1+a) [” +(ashx)

-1+a%?+2abx+b? x? ]

bx (a+bx] 71+a2(+a2+zl:()x;b2x2 b2 x? Arcsin[ —2-] 1 (-1+22%) b®x* Log| E232> b2 x e
— ~ArcCsc[a+bx] + abx
2 x2 a(-1+a?) a2 a? (1-a?%)%?

Problem 25: Result unnecessarily involves imaginary or complex numbers.

JAr‘cCsc [a+bx]
4

dx
X

Optimal (type 3, 180leaves, 9steps):

b(a+bx) [1- (a+;x)2 (2-5a%) b2 (a+bx) [1- (a+;x)2
. 6a<1—a2)x2 : 6a2(17a2)2x .
(27 5 az +6a4) b3 Arc_l_an[a—TanB—Ar‘cCsc[amx]} ]
b3 ArcCsc[a+bx] ArcCscla+bx] 1-a?

3a3 3x3 333 (1—a2>5/2

Result (type 3, 241 leaves):
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b % (a*+abx-4a’bx+2b>x?-a2 (1+5b2x?))
a+b X

1
6 a? (-1+a%)%x2

a2 (a+b x)2

(2-5a%+6a%) b*>x

i (-1+a2+ ~1+a%+ +b2 x2
1233 (71+az>2 [711(13 abx)7<a+bx) 1+a2+2abx+b? x’ J

2 ArcCsc[a + b x] 2b% ArcSin | 1b] i(2-5a%+6a%) b’ Log|

a+b X

X3 B a3 * a3 (1_a2>5/2

Problem 26: Result unnecessarily involves imaginary or complex numbers.

dx

JAr‘cCsc [a+bX]
5

X

Optimal (type 3, 239 leaves, 10 steps):

b(a+bx) [1-— (3-8a2) b2 (a+bx) [1-— (6-17a2+26a%) b> (a+bx) [1-—1

(a+b x)? (a+b x)? (a+b x)?

12a (1-a%) X3 242a% (1-2a%)%x2 242% (1-a2)°x

~Tan| L ArcCsc[a+b
(2-7a%+8a%-82a°%) b4Ar‘cTan[a an| § Arccsca X]H
b*ArcCsc[a+bx] ArcCscla+bx] 1
- +

4a4 4X4 4a4 (17a2)7/2

Result (type 3, 307 leaves):
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1 1

8 |3a3 (—1+a2)3x3

-1+a?2+2abx+b?x?

b ( )2 (2a7—6a6bx+3ab2x2+6b3x3+a3 (2—6b2x2)+2a5 (—2+9b2x2)+a4bx(7+26b2x2>—az(bx+17b3x3))—
a+bx
16a* (-1+a%)® [%Mmbx) % ]
2 ArcCsc[a +b x] 2b4A"'C51"[$] i(-2+7a-8a"+8a°) b Log| (-2+7 a?-8 a%+8 a%) b* x ]

x4 . a4 a4 (1—a2>7/2

Problem 31: Result more than twice size of optimal antiderivative.

ArcCscla+bx]?
J dx

X

Optimal (type 4, 324 leaves, 17 steps):

ia ei ArcCsc[a+b x] ia (e]i ArcCsc[a+b x] )
ArcCscla+bx]?Log[1+ | +ArcCscla+bx]?Log[1+ | -ArcCscla+bx]?Log|1 - e?tArcCsclabx)] _
1-+/1-a? 1++/1-2a2
. ia e]i ArcCsc[a+b x] . ia ei ArcCsc[a+b x]
2i ArcCscla+bx] PolylLog|2, - | -21iArcCsc[a+bx] Polylog|2, - +
1-+/1-a? 1++1-a?

ia e]’l ArcCsc[a+b x] ia e]i ArcCsc[a+b x]

iArcCsc[a+bx] Polylog|2, e?tArccsclasbx]] 5 polylog|3, - | +2PolyLog|3, - | - = PolylLog|3, e?*Arctsclabx]]
2

1-+1-a2 1++/1-a2
Result (type 4, 1217 leaves):
-1+a
i3 1 \ (1+a) Cot[+ (r+2ArcCscla+bx]) |
- ~iArcCscla+bx]?+8iArcCsc[a+bx] ArcSin[ ———] ArcTan| 4 |-

6 3 N2 1-a2

-1+

- 1+a) [Cos[tArcCscfa+bx]]-Sin[YArcCsc[a+bx

(1+a) (cos] [a+bx]] - Sin] [a+bx]])

8 i ArcCsc[a+bx] ArcSin| ————] ArcTan]| 2 2 |-

N2 \1-a2 (Cos[iAr‘cCsc[aerx]] +Sin[%Ar‘cCsc[a+bx}])



5.6 Inverse cosecant.nb | 79

1 (71+1/17a2 ) e—iAr‘cCsc[a+bx]

ArcCsc[a+bx]?Log[1- e tArccsclabxl] _;ApcCscla+bx] Log|l+

|+

i (71+1/1732 ) e—]’lAr‘cCsc[a+bx] 4[ a i (71+ﬂ/17a2 ) e—jLAr'cCsc[a+bx]
| +4ArcCscla+bx] ArcSin[ ——] Log[1+
a A/ 2 a

i (1+ﬂlliaz ) e—iAr‘cCsc[a+bx] i (1+1/17a2 ) e—]iAr‘cCsc[a+bx]

a

ArcCsc[a+bx]?Log[1+

] _

mArcCscla+bx] Log[1- | +ArcCscia+bx]?Log|1

A [ (1 + 1- aZ ) (e—jL ArcCsc[a+b x]

Log
\/_ a
1Ar‘cCsc[a+bx] a e]‘l ArcCsc[a+b x]
ArcCsc[a+bx]?Log[1 —} +ArcCsc[a+bx]?Log[l- ———— | +

(1+W)[

} _

4 ArcCsc[a+bx] ArcSin| | ~ArcCsca+bx]?Log[1+etArccsclarbx]]

a+b x (a+bx)? a+b x (a+bx)?

+ 1 1;]

10417 [

mArcCscla+bx] Log[1+ | -ArcCscla+bx]?Log[1+

4 ArcCsc[a+bx] ArcSin]|

nArcCscla+bx] Log[1 -

a
+\/1—a2)[ i [1- L ]
a+b x (a+bx)?
4 ArcCscla+bx] Ar‘c51n Log ] -
\ﬁ a

2i ArcCscla+bx] Polylog[2, e *Arecsclarbxl] 2§ ArcCsc[a+b x] Polylog[2, -e!Arccsclasbxl]

(e]l ArcCscla+b x] a ei ArcCsc[a+b x]
2i ArcCsc(a+bx] Polylog|2, - —} -21iArcCsc[a+bx] Polylog[2, ————] -

—i+vV-1+a2 i+V-1+a?
ael ArcCsc[a+b x] aetl ArcCsc[a+b x]

2Polylog[3, e tArcCsclabxl] _ 2 polylog|3, -elArccsclabxl] , 2 polylog|3, - | +2PolyLog|3,

i 1:a2 i+V-1+a2

Problem 32: Result more than twice size of optimal antiderivative.
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ArcCscla +bx]?
J dx

x2

Optimal (type 4, 254 leaves, 12 steps):

iArcCsca+bx]| ]

21ibArcCscla+bx] Log[1+ e

1-+/1-a?

bArcCsc[a+bx]? ArcCsc[a+bx]?

a X avi1-a?

iArcCsca+bx]| } iArcCsca+bx]| ] iArcCsc|a+bx]|

2ibArcCsc[a+bx] Log[1l+ +2€ 2bPolylog|2, - 12 2bPolylog[2, - +2¢

1+y1-a 1-4/1-a2 1122

- +

avi-a?2 avi-a? avi1l-a2
Result (type 4, 804 leaves):

afTan{lAr'cCsc[aer x]}

2 7w ArcTan | 2 ]

1 (a+bx) ArcCscl[a+bx]? 1o

-—b + +
a b x 17a2

(1+a) Cot[i (m+2ArcCscla+bx]) ]

1
2 |-2ArcCos| ] ArcTanh| | + (m-2ArcCscla+bx])

-1+ a? a V-1+a?
-1+a) Tan[® (m+2ArcCscla+bx]) | 1 (1+a) Cot[* (r+2ArcCsc[a+bx]) |
ArcTanh | 4 | + |ArcCos| =] +21i |-ArcTanh| 4 |+
V-1+a? a V-1+a?
-1+a)Tan[Y (7 +2ArcCsc[a+bx] a3 ti (-2ArcCsclatbx])
Ar‘cTanh[< ) [4< H] Log| 1ra® e |+
V-1+a? b
(1+a) Cot[i— (7 +2ArcCscla+bx])] (—1+a>Tan[4l

1
ArcCos|~| +2i ArcTanh]| | -21iArcTanh]|

) V-isat N
. 1.
(i_i) A/_1+a2 e;nAr‘cCsc[amx]

(m+2ArcCscla+bx]) | ]]

1
Log| ArcCos|~] - 2 i ArcTanh|

- a N

(1+a) Cot[i (m+2ArcCscla+bx]) ] }]

\/; bx

a+b x
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(-1+a) (Ji+i1a+\/—1+a2) (—11+Cot[i (ﬂ+2Ar‘cCsc[a+bx})])

|- Ar‘cCos[l] +

Log|

a(—1+a+\/—1+a2 Cot[i(n+2Ar‘cCsc[a+bx])]) a
(1+a) cot[L (n+2ArcCscla+bx])] (-1+a) (—Ji—ja+\/—1+a2) (J'chc[l <7T+2Ar'cCsc[a+bx]H)
21 Ar‘cTanh[ 2 Log[ 2 ] +
\-1+a? a(71+a+\/71+a2 Cot[i(JHZAr‘cCsc[aerx])])
(1-iV-1+a?) (1-a++-1+a? Cot[! (m+2ArcCscla+bx])]]
i |-PolyLog|2, 4 ]+

a (—1+a+\/—1+a2 Cot[i (n+2Ar‘cCsc[a+bx})”

(1+iV-1+a? | (1-a+-1+a? Cot[! (m+2ArcCscla+bx])]]

: ]

a (—1+a+\/—1+a2 Cot[i (zr+2Ar‘cCsc[a+bx})])

PolyLog|2,

Problem 36: Unable to integrate problem.

ArcCsc[a+bx]3
J dx

X

Optimal (type 4, 448 leaves, 20 steps):

i ArcCsc[a+b x] 1 ArcCsc[a+b x]

ArcCscla+bx]?Log[1+ rae ] +Ar‘cCsc[a+bx]3Log[1+]la(e | ~ArcCscla+bx]?Log[1 - e?tArcCsclabxl] _
1-+/1-a% 1++/1-a2
iael ArcCsc[a+bx] iaet ArcCscla+b x]
3i ArcCsc[a+bx]?PolyLog[2, - | -31iArcCsc[a+bx]?PolyLog[2, - |+
1-+/1-a2 1++/1-a2
3 ) i ae]’lAr‘cCsc[a+bx]
~ i ArcCsc[a+bx]?Polylog|2, e?!Arccsclasbx] ], g ApcCsc[a +bx] Polylog|3, - |+
2 1-+/1-a?
i ae]‘LAr‘cCsc[a+bx] )
6 ArcCsc[a +bx] PolyLog|[3, - | - =ArcCsc[a+bx] Polylog|3, e?iArccsclarbx]]
1++/1-a% 2

ia ei ArcCsc[a+b x] ia e]i ArcCsc[a+b x]

6 i1 PolylLog [4, - ] +6 1 PolylLog [4, -

1-1-a2 1++/1-a2
Result (type 8, 14 leaves):

} _ i i PolyLog[4, e21'1Ar‘cCsc[a+bx]]
4

ArcCsc[a+bx]3
J dx

X
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Problem 37: Unable to integrate problem.

ArcCscla+bx]3
J dx

x2

Optimal (type 4, 378 leaves, 14 steps):

iArcCsc|a+bx]| ]

3ibArcCsca+bx]2Log[l+ *2¢

1-+/1-a2

bArcCsc[a+bx]® ArcCscla+bx]3
- - - +

a X aVv1-a?

i 3 eiArcCsclasbx] ]

3ibArcCscla+bx]2Log[l+*

i 3 eiArcCsclatbx]

6 bArcCsc[a+bx] PolyLog|2, - *

1++/1-2% 1-4/1-a%
- +
avi1-a? avi1-a?
: i ArcCsc[arbx]| . : i ArcCsca+bx]| . i aelArcCsclarbx]
6bArcCsc[a+bx] PolyLog|2, - +2¢ 61 bPolylLog|3, - 2¢ 6 i bPolylLog|3, -
[ ’ 144/ 1-22 ] [ ’ 1-+/1-a2 ] { ’ 1+4/1-a% }
- +
avi1-a? a\v1-a? avi1-a?

Result (type 8, 14 leaves):

ArcCsc[a+bx]3
J dx

x2

Problem 38: Result more than twice size of optimal antiderivative.

Jx3 ArcCsca+b x*] dx

Optimal (type 3, 48 leaves, 6 steps):

ArcTanh[ [1- L ]
(a+bx*) ArcCsc [a+bx*] (atbx?)
+
4b 4b
Result (type 3, 127 leaves):
. . \/71+(a+bx4)2 (Log[lL]+Log[l+%]
(a+bx*) ArcCsc|a+bx*] . 1 (arbx?)? -1+ (arbxt)?
4b
8b(a+bx?) [1-—+—
(a+bx4)
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Problem 39: Result more than twice size of optimal antiderivative.

Jx‘l”‘ ArcCsc[a+bx"] dx

Optimal (type 3, 48 leaves, 6 steps):

. . Ar‘cTanh[ 1—#}
(a+bx") ArcCscla+bx"] (a+bx")
+

bn bn

Result (type 3, 130leaves):

\/—1+(a+bx“)2 (—Log[l—¢]+Log[1+—a+bxn ]
(a+bx") ArcCsc[a+bx"] -1 (asbxn)? -1+ (asbxn)?

+

bn

2bn(a+bx") [1- 1

(a+b x") 2
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Summary of Integration Test Results

227 integration problems

A - 164 optimal antiderivatives

B - 20 more than twice size of optimal antiderivatives
C - 34 unnecessarily complex antiderivatives

D - 9 unable to integrate problems

E - 0 integration timeouts



